DISCUSSION PAPER SERIES

DP21159

DEFLATIONARY EQUILIBRIUM WITH
UNCERTAINTY

Philip Coyle, Naoki Maezono, Taisuke Nakata and
Sebastian Schmidt

MONETARY ECONOMICS AND
FLUCTUATIONS




ISSN 0265-8003

DEFLATIONARY EQUILIBRIUM WITH
UNCERTAINTY

Philip Coyle, Naoki Maezono, Taisuke Nakata and Sebastian Schmidt

Discussion Paper DP21159
Published 12 February 2026
Submitted 12 February 2026

Centre for Economic Policy Research
187 boulevard Saint-Germain, 75007 Paris, France
2 Coldbath Square, London EC1R 5HL
Tel: +44 (0)20 7183 8801
www.cepr.org

This Discussion Paper is issued under the auspices of the Centre’s research programmes:

¢ Monetary Economics and Fluctuations

Any opinions expressed here are those of the author(s) and not those of the Centre for Economic
Policy Research. Research disseminated by CEPR may include views on policy, but the Centre
itself takes no institutional policy positions.

The Centre for Economic Policy Research was established in 1983 as an educational charity, to
promote independent analysis and public discussion of open economies and the relations among
them. It is pluralist and non-partisan, bringing economic research to bear on the analysis of
medium- and long-run policy questions.

These Discussion Papers often represent preliminary or incomplete work, circulated to encourage
discussion and comment. Citation and use of such a paper should take account of its provisional

character.

Copyright: Philip Coyle, Naoki Maezono, Taisuke Nakata and Sebastian Schmidt



DEFLATIONARY EQUILIBRIUM WITH
UNCERTAINTY

Abstract

We analyze the so-called deflationary equilibrium of the New Keynesian model with an interest rate
lower bound when the future course of the economy is uncertain. We find that, in the deflationary
equilibrium, the rate of inflation is higher at the risky steady state---which takes uncertainty into
account---than at the deterministic steady state---which abstracts from uncertainty. The rate of
inflation at the risky steady state can be positive if the central bank's inflation target is positive. Our
theory is consistent with the Japanese experience in the 2010s when the rate of inflation was on
average positive while the interest rate lower bound was binding.

JEL Classification: E32, E52, E61, E62, E63
Keywords: Uncertainty

Philip Coyle - philip.coyle@szgerzensee.ch
Study Center Gerzensee

Naoki Maezono - m7046ranpo464@g.ecc.u-tokyo.ac.jp
University of Tokyo

Taisuke Nakata - taisuke.nakata@e.u-tokyo.ac.jp
University of Tokyo

Sebastian Schmidt - econschmidt@gmail.com
European Central Bank and CEPR



Deflationary Equilibrium with Uncertainty”

Philip Coyle' Naoki Maezono? Taisuke Nakata?
Study Center Gerzensee University of Tokyo University of Tokyo

Sebastian Schmidt?

European Central Bank

This Draft: February 2026

Abstract

We analyze the so-called deflationary equilibrium of the New Keynesian model with
an interest rate lower bound when the future course of the economy is uncertain. We
find that, in the deflationary equilibrium, the rate of inflation is higher at the risky
steady state—which takes uncertainty into account—than at the deterministic steady
state—which abstracts from uncertainty. The rate of inflation at the risky steady state
can be positive if the central bank’s inflation target is positive. Our theory is consistent
with the Japanese experience in the 2010s when the rate of inflation was on average
positive while the interest rate lower bound was binding.

JEL: E32, E52, E61, £62, 63

Keywords: Effective Lower Bound, Deflationary Equilibrium, Liquidity Trap, Risky
Steady State, Uncertainty.

*The views expressed in this paper should be regarded as those of the authors, and are not necessarily
those of the European Central Bank. We thank Young In Lee for her excellent research assistance and
seminar participants at the Bank of Japan, the Summer Workshop on Economic Theory, and the University
of Tokyo for useful comments. Taisuke Nakata is supported by JSPS Grant-in-Aid for Scientific Research
(KAKENHI), Project Number 22H04927, and the Center for Advanced Research in Finance at the University
of Tokyo. Part of the analysis was conducted while Taisuke was a visiting scholar at the Institute for Monetary
and Economic Studies (IMES) of the Bank of Japan. Taisuke thanks IMES for their hospitality.

TStudy Center Gerzensee, Dorfstrasse 2, 3115 Gerzensee, Switzerland; Email: philip.coyle@szgerzensee.ch.

tGraduate School of Public Policy, University of Tokyo, 7-3-1 Hongo, Bunkyo-ku, Tokyo, 113-0033; Email:
m7046ranpo464@g.ecc.u-tokyo.ac.jp.

$Faculty of Economics and Graduate School of Public Policy, University of Tokyo, 7-3-1 Hongo, Bunkyo-
ku, Tokyo, 113-0033; Email: taisuke.nakata@e.u-tokyo.ac.jp.

YEuropean Central Bank, Monetary Policy Research Division, 60640 Frankfurt, Germany; Email: sebas-
tian.schmidt@ecb.europa.eu.



1 Introduction

In this paper, we explore how uncertainty about the future course of the economy affects
the trend rate of inflation and interest rates in the so-called “deflationary equilibrium” of
a standard monetary model. In particular, we examine how the risky steady state—the
steady state of a model with uncertainty—of the deflationary equilibrium differs from its
deterministic steady state—the steady state of a model without uncertainty.*

We motivate our analysis in two ways. First, an important result in monetary economics
is that a Taylor-type interest rate rule with an effective lower bound (ELB) can give rise
to equilibrium multiplicity (Benhabib, Schmitt-Grohe, and Uribe (2001)). Specifically, in
a wide class of macroeconomic models with an interest rate lower bound constraint, there
generically exist two equilibria. These are often referred to as the targeted equilibrium
and the deflationary equilibrium, where the latter is associated with lower inflation than the
former. Previous work has shown that in the targeted equilibrium, a marginal increase in the
degree of uncertainty reduces inflation and interest rates (Hills, Nakata, and Schmidt (2019)).
The question arises whether this result also holds true for the deflationary equilibrium.

Second, the deflationary equilibrium may be a useful concept to think about the prolonged
period of close-to-zero nominal interest rates and very low inflation that most advanced
economies struggled with prior to the recent post-pandemic inflation surge (Bullard (2010)).
It is difficult to reconcile persistent low-inflation, low-interest-rate episodes with the targeted
equilibrium. Yet, such episodes arise naturally in the deflationary equilibrium (Aruoba,
Cuba-Borda, and Schorfheide (2018)). The empirical appeal of the deflationary equilibrium
is somewhat limited by the fact that the long-run inflation rate in the deflationary equilibrium
is negative in simple incarnations of monetary models—therefore the label “deflationary
equilibrium”—whereas the United States, the euro area, and Japan in the 2010s for the most
part experienced low but strictly positive rates of inflation. The question arises whether the
deflationary equilibrium can be reconciled with low but strictly positive long-run inflation
once the modelling framework accounts for economic uncertainty.

We find that in the deflationary equilibrium, the rate of inflation is higher at the risky
steady state than at the deterministic steady state. This result arises because the distri-
bution of future inflation is asymmetric if the variance of shocks driving fluctuations in the
model is sufficiently large. When a contractionary shock hits the economy under the defla-
tionary equilibrium, inflation declines, but the policy rate remains at the ELB. When an
expansionary shock hits the economy under the deflationary equilibrium, inflation increases.

If the size of the expansionary shock is sufficiently large, the policy rate also increases and

1See Coeurdacier, Rey, and Winant (2011) for the concept of the risky steady state.



partially offsets the increase in inflation.

Due to this asymmetry, certainty equivalence breaks down. Holding today’s inflation
constant, an increase in uncertainty lowers inflation expectations. The Phillips curve then
requires that a decline in expected inflation leads to an increase in the output gap. For
the output gap to increase, the real interest rate has to decline. When the policy rate is
constrained at the ELB, the real interest rate declines only if expected inflation increases.
For expected inflation to increase, actual inflation needs to increase. In equilibrium, both
actual and expected inflation are higher at the risky steady state than at the deterministic
steady state in the deflationary equilibrium featuring the ELB.?

We propose a novel concept, the risk-adjusted Fisher relation, to visualize the effect of
uncertainty on the steady-state inflation rate and the policy rate. The standard Fisher
relation is the relationship between the rate of inflation and the policy rate implied by the
Euler equation in the absence of any exogenous shocks. The risk-adjusted Fisher relation
is the relationship between the rate of inflation and the policy rate implied by the Euler
equation when there are exogenous shocks in the economy but their realized values are zero.
That is, even though realized shock values are zero, agents in the model are aware that shocks
can hit the economy in the future and form expectations accordingly. The risky steady states
are given by the intersection of the risk-adjusted Fisher relation and the truncated Taylor
rule—the Taylor rule subject to the ELB constraint—whereas the deterministic steady states
are given by the intersection of the standard Fisher relation and the truncated Taylor rule.
We show that the risk-adjusted Fisher relation lies below the standard Fisher relation, which
implies the result described in the previous paragraph.

When the central bank’s inflation target is positive and if the degree of uncertainty is suf-
ficiently large, our result implies that the rate of inflation can be—somewhat paradoxically—
positive at the risky steady state of the deflationary equilibrium. This situation is consistent
with the Japanese economy in the 2010s when the rate of inflation hovered around a slightly
positive level while the policy rate was constrained at the ELB.

Additionally, we find that the policy rate can be positive at the risky steady state of the
deflationary equilibrium, contrary to the conventional wisdom associated with the steady
state of the deflationary equilibrium featuring the binding ELB constraint. We also find that
the ELB constraint can bind at the risky steady state of the targeted equilibrium, contrary
to the conventional wisdom associated with the steady state of the targeted equilibrium
featuring a positive policy rate. All in all, the conventional wisdom about the deflationary

and targeted equilibria may not be valid once we take uncertainty into account.

2This effect of uncertainty on the steady state of the deflationary equilibrium is the opposite of that on
the steady state of the targeted equilibrium examined in Hills, Nakata, and Schmidt (2019).



We use a New Keynesian model with a three-state shock in the main body of the paper
and derive both analytical and numerical results. However, all the qualitative results also
hold in the model with an AR(1) shock. The results from the model with an AR(1) shock are
discussed in the Appendix. We also provide analytical results in the model with a uniformly
distributed shock.

The steady-state inflation analysis is important because we still do not know much about
the determinants of the long-term behavior of inflation. For example, in the U.S., inflation
was persistently below the Federal Reserve’s inflation target of 2 percent in the 2010s. Even
when the economy was strong and the unemployment rate was hovering below 4 percent in
the last few years of the 2010s, the rate of inflation struggled to move up to the target rate,
making policymakers concerned about the possibility that the long-term inflation expecta-
tions were anchored at a level below the target rate of 2 percent. This concern eventually
led to the adoption of the flexible average inflation targeting framework in the summer of
2020 after the Federal Reserve concluded its first Strategic Review.

As another example, in Japan, the rate of inflation hovered well below the Bank of Japan’s
inflation target of 2 percent in the 2010s even with a highly accommodative monetary policy
and a sustained period of low unemployment rates. Such economic development led to the
concern that long-term inflation expectations had become firmly anchored at around zero
percent in Japan, a concern that has been dispelled only by strong inflationary pressures in
the aftermath of a once-in-a-century pandemic. Although inflation has been above the target
rate and the policy rate has been above the ELB for a while since the end of the COVID-19
pandemic in many advanced economies, the estimates of the neutral rate of interest remain
lower than historical averages. Thus, it is important for macroeconomics and policymakers
to continue to understand the dynamics of inflation when the inflation is below the target
rate and the policy rate is at the ELB.

In the standard New Keynesian model without uncertainty, the rate of inflation eventually
returns to either the target rate set by the central bank—if the economy is in the targeted
equilibrium—or a negative rate consistent with the inverse of the subjective discount factor of
the household—if the economy is in the deflationary equilibrium. Thus, the standard model
does not satisfactorily explain the long-term trend in inflation observed in some advanced
economies—even if the theory is often useful in explaining the deviation of inflation from
the long-run trend. Our paper shows that uncertainty can help bridge the gap between the
model and recent experiences in terms of the long-term trend of inflation.

Our paper is related to the literature analyzing the interaction of uncertainty and the
ELB. See, for example, Basu and Bundick (2017), Evans, Fisher, Gourio, and Krane (2015),
Nakata (2016), Nakata (2017), Plante, Richter, and Throckmorton (2018), among others.



Adam and Billi (2007) and Nakov (2008) also discussed the interaction of uncertainty and
the ELB in their early prescient work on optimal policy—though that was not their main
focus. Our paper is closest to Hills, Nakata, and Schmidt (2019) who analyze how uncertainty
affects the steady state of the targeted equilibrium. They find that the rate of inflation at the
risky steady state of the targeted equilibrium is lower than that at the deterministic steady
state—which corresponds to the target rate of inflation set by the central bank—and show
that the model can quantitatively explain the below-target rate of inflation in the U.S. in
the second half of the 2010s. Our paper is different from these papers because we study the
interaction of uncertainty and the ELB in the deflationary equilibrium. We also formalize
a novel concept—the risk-adjusted Fisher relation—which was only casually alluded to in
Hills, Nakata, and Schmidt (2019).

We contribute to the literature on the deflationary equilibrium in the New Keynesian
model. Some researchers analyze what policies may (or may not) eliminate the deflationary
equilibrium (Alstadheim and Henderson (2006); Armenter (2018); Benhabib, Schmitt-Grohe,
and Uribe (2002); Coyle and Nakata (2020); Nakata and Schmidt (2022); Schmidt (2016);
Schmitt-Grohe and Uribe (2013); Sugo and Ueda (2008); and Tamanyu (2022)). Others
focus on the dynamics in and out of the deflationary equilibrium (Aruoba, Cuba-Borda,
and Schorfheide (2018); Bilbiie (2022); Cuba-Borda and Singh (2019); Hirose (2007); Hirose
(2020); Mertens and Ravn (2014); Mertens and Williams (2021); Schmitt-Grohe and Uribe
(2017). Our paper differs from these papers because we focus on the interaction of uncertainty
and the ELB in the deflationary equilibrium.

Our analysis shares the same spirit of—and complements—the analysis of Takahashi and
Takayama (2025). They point out that the lack of (sizable) deflation in Japan while the ELB
was binding is inconsistent with the deflationary steady state of the standard New Keynesian
model and show that a perpetual-youth monetary model can help bridge the gap between
the model and the data. We point out that a positive inflation rate in Japan during the 2010s
is inconsistent with the standard deflationary steady state and show that the introduction
of uncertainty can help bridge the gap between the model and the data.

We also contribute to the empirical literature measuring the long-term or underlying
trend in inflation. Examples include Bryan and Cecchetti (1994), Chan, Clark, and Koop
(2018), Clark and Doh (2014), Cogley, Primiceri, and Sargent (2010), Chan, Koop, and
Potter (2013), Kozicki and Tinsley (2012), Mertens (2016), Nason and Smith (2021), Rudd
(2020), and Stock and Watson (2016), among many others. These papers often find a
persistent deviation of the long-run trend in inflation from the target rate set by the central
bank or the inverse of the household’s discount factor. We contribute to this literature by

providing a theoretical model that can account for such a persistent deviation.



The rest of the paper is organized as follows. Section 2 presents the model and defines
key concepts. Section 3 discusses the main results. Section 4 defines and analyzes the risk-
adjusted Fisher relation. Section 5 discusses a few interesting configurations of inflation and

the policy rate at the risky steady state. Section 6 concludes.

2 Model and Key Concepts

2.1 Model

We use a standard New Keynesian model formulated in discrete time with an infinite horizon
(Woodford (2003) and Gali (2015)). We work with the equilibrium conditions of the model
in a loglinear form, except for the nonlinearity associated with the ELB constraint in the
policy rate. The use of this semi-loglinear form allows us to derive analytical results and to
emphasize that the effect of uncertainty analyzed is solely driven by the ELB constraint, not
by other nonlinear features of the original New Keynesian model. The equilibrium conditions

of the model are given by:

Yo = Eilyr1] — o [ie — Eq[mepa] — (" + 64)] (1)
Ty = Ky + BE[my41] (2)
iy = max [0, 7" + ¢y (3)

Yy, T, and i; are the output gap, the inflation rate, and the nominal interest rate on the
one-period risk-free government bond. We will refer to this interest rate as the policy rate.
Equation (1) is the Euler equation, equation (2) is the Phillips curve, and equation (3) is
the truncated Taylor rule.

p € (0,1) denotes the subjective discount factor of the representative household. o > 0
is the intertemporal elasticity of substitution in consumption; x is the slope of the New
Keynesian Phillips curve; r* is the long-run natural rate of interest; ¢, is the coefficient
on inflation in the truncated Taylor rule. §, is an exogenous shock. We assume that the
distribution of §, is symmetric so as to analyze the effect of a mean-preserving spread of the
shock on the economy. In the main analysis, we assume that ¢, is i.i.d., is symmetric, and
takes three values. Specifically, it takes the values of ¢ > 0, 0, and —c in the high, middle,

and low states, respectively:

5H:C, 6M:07 5L:—C (4)



The assumptions of i.i.d. and symmetry mean that the transition probabilities are given

by the following:

Prob (0 =¢) = ! _2pM (5)
Prob (0 =0) = pu (6)
Prob (0 = —¢) = ! _2pM (7)

where 0 < pyr < 1.

2.2 Targeted and Deflationary Equilibria

The recursive equilibrium of the model is defined in the standard way as a set of policy
functions for the output gap, the inflation rate, and the policy rate satisfying the Euler
equation, the Phillips curve, and the truncated Taylor rule. These policy functions are
functions of the exogenous variable. We use {i(-), 7(-), y(-)} to denote them. In the model
where the exogenous shock takes three values, the recursive equilibrium is given by a vector,
{ya, T, iy, Yar, T, in, YL, TL, i}, which satisfies the Euler equation, the Phillips curve,
and the truncated Taylor rule in H, M, and L states.

Given that there are three states and that the ELB either binds or does not bind in
each of the three states, there are eight potential equilibria. As we will show later, the
number of equilibria is either zero, one, or two, depending on the parameter values. In
this paper, we focus on situations where there are two equilibria. Comparing the inflation
rate across the two equilibria, one equilibrium features a higher inflation rate than the other
equilibrium. We will call the equilibrium with a higher inflation rate the targeted equilibrium
and the equilibrium with a lower inflation rate the deflationary equilibrium. We will denote

the targeted equilibrium by {iT2(-), #TE(.), yTE(.)} and the deflationary equilibrium by

{iPE(), 7PE(), yPE( )} In the three-state model, we will also denote them by {yH , T
ZEEa yM ) WﬂEv ZIA;[Ea yL ) WEE7 Z%:E} and {yH ) 71-IP]EJ ZEE yM ’ 71-J\I/)[E7 ZﬁEv yL L ) ZLE}'

2.3 Deterministic and Risky Steady States

Deterministic Steady State: Generically speaking, a deterministic steady state describes the
allocation the economy converges to in the absence of uncertainty. In our model with the
three-state shock, a deterministic steady state of the model is given by the output gap, the

inflation rate, and the policy rate if ¢ = 0. If ¢ = 0, the values of these variables are identical



in all three states. To highlight the difference with the risky steady state, it is useful to
characterize a deterministic steady state as {yar, Tas, ia} when ¢ = 0.

When there are two equilibria, there are two deterministic steady states: one associated
with the targeted equilibrium and one associated with the deflationary equilibrium. We will
denote the deterministic steady state associated with the targeted equilibrium by {yhE,
ThEg, ihést. We will denote the deterministic steady state associated with the deflationary
equilibrium by {y5%s, 7BE, iBE.}. Because the deterministic steady state is identical to the
value of the model’s variables in the middle state, we can also state that the deterministic
steady states associated with the targeted and deflationary equilibria are given by {yIF
i it EY and {yDF, 7DE iPF} when ¢ = 0.

Risky Steady State: Generically speaking, a risky steady state of a model is a point
to which the economy eventually converges when uncertainty exists and contemporaneous
realizations of exogenous shocks are zero (Coeurdacier, Rey, and Winant (2011)). The key
difference with the deterministic steady state is that even though the exogenous shocks are
at their steady-state values, agents in the model are aware of the possibility that they may
take other values in the next period and optimize accordingly. In a model in which there is
no endogenous state variable, a risky steady state of the model is given by policy functions
evaluated at exogenous shocks taking their steady-state values. In our model, that means
the output gap, the inflation rate, and the policy rate in the M state when § = 0 ({yar, 7as,
in}).

When there are two equilibria, there are two risky steady states: one associated with the
targeted equilibrium and one associated with the deflationary equilibrium. We will denote
the risky steady state associated with the targeted equilibrium by {yLE. nLE. iLE.}. We
will denote the risky steady state associated with the deflationary equilibrium by {yR%,
RE iBE}. Because the risky steady state is identical to the value of the model’s variables
in the middle state, we can also write the risky steady states associated with the targeted

and deflationary equilibria by {y1F #TF TE} and {yDF #DF DEY.

3 Results

3.1 Allocations without Uncertainty

When there is no uncertainty, it is straightforward to compute allocations for the targeted
and deflationary equilibria—which correspond to the deterministic steady states of those two

equilibria. The allocations in the targeted equilibrium are given by



TE TE TE %
Ypss =0, 7pss =10, ipgg=r (8)

and the allocations in the deflationary equilibrium are given by

-9 .-
B = -TU=D ape — e g =0 )

3.2 Allocations with Uncertainty

We now examine the effect of uncertainty on steady-state allocations by comparing alloca-
tions with varying degrees of uncertainty:.

The upper panels in Figure 1 show the policy functions for the output gap, inflation, and
the policy rate in the deflationary equilibrium. Solid black and dashed blue lines represent
the case of low and high uncertainty (c;, and cp), respectively.

When the degree of uncertainty is low, i.e., when c¢ is small, the policy functions are
symmetric. That is, certainty equivalence holds. The magnitudes of the increases in output
and inflation when 9§ rises from 0 to ¢ are the same as those when ¢ declines from 0 to —c.
This symmetry arises because the policy rate remains at the ELB in all three states. The
policy rate is still at the ELB even in the high state because the increase in inflation is small
when c¢ is small. As a result, the allocations in the middle state—the risky steady-state
allocations—are identical to those in the deterministic steady state, which are indicated by
thin black horizontal lines. Note that the expected inflation is identical to the actual inflation
when the economy is in the middle state in this symmetric case.

When the degree of uncertainty is high, the policy functions are asymmetric. When §
rises from 0 to ¢, output and inflation increase. If the increase in inflation is sufficiently
large, the Taylor rule implies a positive policy rate. Thus, the policy rate also increases and
partially offsets the increase in inflation. When ¢ declines from 0 to —¢, output and inflation
decline. Because the policy rate is bounded below by the ELB in the low state, the declines
in output and inflation are not met by a reduction in the policy rate no matter how large
the shock size is.

Due to this asymmetry, certainty equivalence breaks down. Holding middle-state inflation
constant, an increase in uncertainty lowers inflation expectations. The Phillips curve then
requires that a decline in expected inflation leads to an increase in the output gap. For
the output gap to increase, the real interest rate has to decline. When the policy rate is
constrained at the ELB, the real interest rate declines only if expected inflation increases.
For expected inflation to increase, actual inflation needs to increase. In equilibrium, both

actual and expected inflation are higher at the risky steady state (i.e., the middle state)



Figure 1: Policy functions
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Note: The figure plots the equilibrium policy functions as functions of the shock state §. The top row
corresponds to the deflationary equilibrium (DE) and the bottom row corresponds to the targeted equilibrium
(TE). From left to right, panels report output, inflation, and the policy rate. The solid black line and blue
dashed line correspond to ¢ = ¢y, and ¢ = ¢y, respectively. Inflation and nominal interest rates are expressed
at annual rates. Parameters are set as follows: = 1/1.0025, 0 = 1, k = 0.25, ¢, = 3, r* = 1/400,
cr, = 0.005, cg = 0.01, and ppr = 0.5.

than at the deterministic steady state in the deflationary equilibrium featuring the ELB.
The mechanism just described is similar to why an increase in the target rate of inflation or
forward guidance lowers inflation in the deflationary equilibrium in Bilbiie (2022), Mertens
and Ravn (2014), and Nakata and Schmidt (2022).

This effect of uncertainty on the steady-state inflation in the deflationary equilibrium
is the opposite of that in the targeted equilibrium analyzed by Hills, Nakata, and Schmidt
(2019). As shown in the lower panels of Figure 1—which shows the policy functions for
the targeted equilibrium—the introduction of a high degree of uncertainty breaks certainty

equivalence: When 0 rises from 0 to ¢, output and inflation increase. However, their increases

10



are partially offset by the corresponding increase in the policy rate. When ¢ declines from 0
to —c, output and inflation decline. If the decline in inflation is sufficiently large, the policy
rate faces the ELB constraint. This asymmetry pushes down the expected inflation, which
in turn lowers the actual inflation rate in the targeted equilibrium.?

We generalize the above numerical statements about uncertainty on the steady-state in-

flation with the following propositions.

Proposition 1. In the deflationary equilibrium, when c¢ is sufficiently small, the rate of
inflation at the risky steady state coincides with that at the deterministic steady state. When
c s sufficiently large, the rate of inflation is higher at the risky steady state than at the

deterministic steady state.

Proposition 2. In the targeted equilibrium, when c is sufficiently small, the rate of inflation
at the risky steady state coincides with that at the deterministic steady state. When c is suf-
ficiently large, the rate of inflation is lower at the risky steady state than at the deterministic

steady state.

The proofs for these propositions are in Appendix B.

4 Risk-adjusted Fisher Relation

4.1 Heuristics

It is common to visualize the deterministic steady states of the New Keynesian model using
the Fisher relation and the truncated Taylor rule (Benhabib, Schmitt-Grohe, and Uribe
(2001) and Bullard (2010)). The Fisher relation is a relationship between the rate of inflation
and the policy rate in the absence of uncertainty. If there is no uncertainty in our three-state

model, the Euler equation in the middle state is given by

yu = Enlyl — o [ing — Enfn] =17 (10)

In the absence of uncertainty, the expected output gap and the expected rate of inflation are
identical to yy; and my, respectively. As a result, the Euler equation above can be written

as

3We obtain the opposite result in the targeted equilibrium for the following reason. When the policy rate
is above the ELB and is determined by the Taylor rule, the real interest rate declines when expected inflation
declines—because the nominal interest rate declines by more than one-for-one in response to a reduction in
inflation when the Taylor principle is satisfied.

11



iy =1+ Ty (11)

We refer to this relationship as the Fisher relation. The intersections of the Fisher relation
and the truncated Taylor rule are the model’s deterministic steady states.

If we take uncertainty into account and if the degree of uncertainty is sufficiently large,
the policy functions are asymmetric. As a result, the expected output gap and the expected
rate of inflation are no longer identical to the output gap and the rate of inflation in the
middle state. Let’s denote the wedge between expected output (inflation) and actual output

(inflation) as

hy = (1 - pur) (% - yM) (12)
h = (1 = par) (% - WM> (13)

Due to this wedge, a relationship between the rate of inflation and the policy rate is different

from the Fisher relation described above. Specifically, the Euler equation becomes

ym = Enlyl — o [ine — Epr[] — 1]

+ . H+m *
= puym + (1 —pM)% -0 {ZM_ (pMWM+ (1 —pM)%) —7“}

=hy+ym — 0o ing — (he +mar) — 77

1
iM:T*+7TM+ghy+hﬂ (14)

We refer to this relationship between ), and ¢); as the risk-adjusted Fisher relation. The
risky steady states of the model are given by the intersections of the risk-adjusted Fisher
relation and the truncated Taylor rule.

To formally define the risk-adjusted Fisher relation is a bit more complicated. The Fisher
relation—whether standard or risk-adjusted—gives us possible combinations of 7w, and 7,
that can constitute a steady state. It has to be defined for all values of m;. Only one or
two values of 7, are consistent with either the targeted or deflationary equilibrium. Yet, to
compute the wedge between the actual and expected rates of inflation and the wedge between
the actual output gap and the expected output gap, we need to compute policy functions
for inflation and output that are consistent with values of 7, that do not materialize in

equilibrium. Because the policy functions depend on the value of 7, the wedge term in the

12



risk-adjusted Fisher relation also depends on the value of my,.
In what follows, we formally define the risk-adjusted Fisher relation, examine its proper-

ties, and illustrate it numerically.

4.2 Definition

The risk-adjusted Fisher relation is defined as follows:
iy =1+ T+ o (E[yh’”M(é')M =0] — yM) + (E[ﬂh’”M(é’)M =0] — 7rM) (15)

y"™ () and 7™ (-) are hypothetical policy functions for output and inflation such that (i)
the rate of inflation at the risky steady state is my—that is, 7™ (§ = 0) = 7p—(ii) they
satisfy the Phillips curve, and (iii) they satisfy the relative Euler equation—relative to the
Euler equation in the middle state. The relative Euler equation is defined for all z # 0 and

is given by

YT (8 = ) —y" ™ (0 = 0)
= E[yh,ﬂnf(5/)|5 _ IL’] _ ]E[yhﬂrjw (5/)|5 _ 0] . O.[Z'h,TrM (5 — $) _ ih,nM (5 _ 0)}
+ o (E[x"™ (8|6 = 2] — E[x"™ (8')|5 = 0]) — (16)

In other words, the relative Euler equation is what we obtain when we subtract the Euler

equation at 6 = 0 from the Euler equation at ¢ # 0.

4.3 Properties

We can analytically show that the risk-adjusted Fisher relation takes the form of a piecewise

linear function:

Proposition 3. The risk-adjusted Fisher relation is the following piecewise linear function:

r
T*—|—7TM if7TM<7TLB

. 7’*+A+B7TM Z'fﬂ-LBST"MSWB
™ +C+ Dry  if g < my < 7wy

T*+7TM if7TU3<7TM
\

where
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r* + Kproc r* ;7 + ko (r* —c)

TLB = — o 77TB:_Ea TuB = — kodr + 1
and
1 ko(1l — o) (r* —c)
A=— -1 *
2(pM )(r + koc + ey
_ 1 (¢x — 1A — pu)
B_2<pM+1 1+ oo,
1 . KOOy
C = 5(1 _pM>(1 + /fO') (7” - WC)
1
D= 5%(1 —pu)(1+ ko) +1
Proof. See Appendix C. O]

Note that mp is the rate of inflation at which the policy rate implied by the Taylor rule is
exactly zero.

According to this proposition, when 7, is sufficiently below mg—that is, when it is below
mr,s—the risk-adjusted Fisher relation is identical to the standard Fisher relation. This result
arises for the following reasons. Given an arbitrary shock size, c, if my; is sufficiently below 7,
then a positive realization of the shock would not push the rate of inflation by a sufficiently
large amount to cause the policy rate to become positive. Thus, the distribution of future
inflation is symmetric. Thus, the expected inflation and output terms in the Euler equation
are the same as the inflation and output in the middle state, making the risk-adjusted Fisher
relation the same as the standard Fisher relation.

Similarly, when m,; is sufficiently above mp—that is, when it is above myz—a negative
shock would not push down inflation by a sufficiently large amount to cause the policy
rate to face the ELB, implying the symmetric distribution in future inflation and output.
Accordingly, the risk-adjusted Fisher relation is the same as the standard Fisher relation.

When 7, is sufficiently close to 7g, the risk-adjusted Fisher relation diverges from the
standard Fisher relation. When 7, is below 75 but above 7, the policy rate is at the ELB
in the middle and low states, but above the ELB in the high state, if the size of the shock—
c—is sufficiently large. This asymmetry in the policy function for the policy rate means
asymmetry in the policy functions for output and inflation. Thus, the expected output and
inflation differ from output and inflation in the middle state. Accordingly, the risk-adjusted
Fisher relation diverges from the standard Fisher relation.

Similarly, when 7,; is above 7w but below 7wy g, the policy rate is above the ELB in
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the middle and high states, but at the ELB in the low state if the size of the shock—c—
is sufficiently large. This asymmetry breaks certainty equivalence, making the expected
output and inflation differ from output and inflation in the middle state. Accordingly, the

risk-adjusted Fisher relation diverges from the standard Fisher relation.

4.4 Numerical Illustration

Figure 2 shows the risk-adjusted Fisher relation with various degrees of uncertainty—various
values for c—together with the truncated Taylor rule—shown by the solid red lines. When
there is no uncertainty—when ¢ = 0—the risk-adjusted Fisher relation is identical to the
standard Fisher relation, as shown by the solid black line. The risky steady states are
identical to the deterministic steady states in this case, as shown by the red dot and diamond
in the figure. With ¢ = ¢, the risk-adjusted Fisher relation diverges from the standard Fisher
relation, but only near the threshold value of g, as shown by the dashed black line. In this

case, the risky steady states are also identical to the deterministic steady states.

Figure 2: Risk-adjusted Fisher Relation
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o 15]
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-0.5
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Inflation

Note: The solid black line shows the standard Fisher relation, and the solid red line shows the truncated
Taylor rule. The other black lines show the risk-adjusted Fisher relation for different values of the uncertainty
parameter ¢, as indicated in the legend. Specifically, ¢y, = 0.005, cg = 0.01, and ¢y = 0.012. Deterministic
steady states are given by the intersections of the standard Fisher relation and the truncated Taylor rule
(red dot: deflationary equilibrium; red diamond: targeted equilibrium). Risky steady states are given by
the intersections of the risk-adjusted Fisher relation and the truncated Taylor rule (black dot: deflationary
equilibrium; black diamond: targeted equilibrium). The inverted triangle marks g, the kink point of the
truncated Taylor rule. Inflation and nominal interest rates are expressed at annual rates. All other parameter
values are as in Figure 1.

With ¢ = ¢y, the risk-adjusted Fisher relation shifts down further—shown by the dash-
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dotted line—from the standard Fisher relation. In this case, the risky steady states are no
longer identical to the deterministic steady states. In particular, the risky steady state of
the deflationary equilibrium—denoted by the black dot—features a higher inflation rate than
the deterministic steady state of the deflationary equilibrium. The risky steady state of the
targeted equilibrium—denoted by the black diamond—features a lower inflation rate than
the deterministic steady state of the targeted equilibrium. These results are consistent with
the analytical results discussed in the previous section.

With ¢ = ¢4, the risk-adjusted Fisher relation touches the truncated Taylor rule at the
threshold value of 7,,. In this case, there is only one equilibrium in the model. If ¢ increases
further, the risk-adjusted Fisher relation does not intersect the truncated Taylor rule at all,

which corresponds to the case with no equilibrium.

5 Interesting Cases

5.1 Positive Inflation in the Deflationary Equilibrium

The graphical illustration based on the risk-adjusted Fisher relation suggests that the risky
steady-state inflation rate of the deflationary equilibrium may take any values between —r*
and mp—the bottom part of the truncated Taylor rule. In models where the central bank’s
inflation target is positive, the threshold value can be positive. See Appendix for the de-
scription of the model with a positive inflation target. As a result, if the degree of uncer-
tainty is sufficiently large, the risky-steady-state inflation rate of the deflationary equilibrium
becomes—somewhat counterintuitively—positive.

Figure 3 describes this case. In this example, the central bank’s inflation target is set to
2 percent. With this target rate, the threshold value of the inflation rate, 7, is positive.
Thus, with a sufficiently high degree of uncertainty, the inflation rate at the risky steady
state becomes positive. The policy rate is still at the ELB, as in the standard example
demonstrated in the previous section.

This configuration of the inflation rate and the policy rate is consistent with the Japanese
economy in the 2010s. Since the late 1990s when the Bank of Japan first lowered the policy
rate to the ELB, the Japanese economy has been described as being stuck in the deflationary
equilibrium (Bullard (2010)). Such a description may have been adequate in the 2000s, but
may be less so in the 2010s. As shown in Figure 4, both headline and core CPI inflation
rates in Japan hovered around a level slightly above zero percent in the 2010s, while they
hovered around a level slightly below zero percent in the 2000s.

Figure 5 shows the scatter plot of the inflation rate and the policy rate together with
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Figure 3: Risk-adjusted Fisher Relation with Positive Inflation Target
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Inflation

Note: The solid black line shows the standard Fisher relation, and the solid red line shows the truncated
Taylor rule with inflation target 7* = 2% (annualized). The dashed black line shows the risk-adjusted Fisher
relation for ¢ = 0.03. The red dot (diamond) indicates the deterministic steady state of the deflationary
(targeted) equilibrium, and the black dot (diamond) indicates the risky steady state of the deflationary (tar-
geted) equilibrium. Inflation and nominal interest rates are expressed at annual rates. All other parameter
values are as in Figure 1.

Figure 4: Inflation in Japan: the 2000s and 2010s
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Note: The figure reports the mean (panel (a)) and the median (panel (b)) of Japanese inflation in the
2000s and the 2010s, separately for headline and core measures. The underlying data are from the Japanese
Statistics Bureau. Inflation is measured as the year-on-year change in the CPI. Headline inflation uses the
CPI for “All items,” and core inflation uses the CPI for “All items, less fresh food.” Gray bars correspond
to the 2000s, and black bars correspond to the 2010s.

the risk-adjusted Fisher relation and the truncated Taylor rule. In this figure, in computing

these two theoretical constructs, we set 7* to 0.9 percent (annualized)—the average value of
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Figure 5: Risky Steady States and Inflation in Japan

4 ; ;

—Truncated Taylor rule

—Fisher relation
o 3 Risk-adjusted Fisher relation ]
b e Data (2010s)
I ,
2
£
®© 1 1
£
€
o
Z 0 B

Inflation

Note: The blue dots show Japans inflation rate and nominal interest rate in the 2010s. The solid black
line shows the standard Fisher relation, the dashed black line shows the risk-adjusted Fisher relation for

¢ = 0.019, and the solid red line shows the truncated Taylor rule with inflation target 7* = 2% (annualized).

r* is set to 0.9 percent (annualized). The red dot (diamond) indicates the deterministic steady state of

the deflationary (targeted) equilibrium, and the black dot (diamond) indicates the risky steady state of
the deflationary (targeted) equilibrium. Inflation is the headline CPI inflation (year-on-year change in the
CPI All items), from the Japanese Statistics Bureau. The policy rate is the uncollateralized overnight call
rate from the Bank of Japan. Inflation and nominal interest rates are expressed at annual rates. All other
parameter values are as in Figure 1.

r* in three papers that estimate a sticky-price model with the interest-rate lower bound using
Japanese data (Hirose (2007), Hirose (2020), and Iiboshi, Shintani, and Ueda (2022)). This
figure reinforces the idea that the fluctuation around the risky steady state of the deflationary
equilibrium—the black dot—may be a better description of the Japanese economy than the
fluctuation around the deterministic steady state of the deflationary equilibrium—the red
dot.

5.2 Positive Policy Rate in the Deflationary Equilibrium

Not only the central bank’s inflation target examined above, but also the responsiveness of
the policy rate to the inflation rate in the truncated Taylor rule—captured by the coefficient
on inflation—affects the inflation rate of the risky steady state in interesting ways.

Figure 6 shows the case in which the coefficient on inflation is low. In this case, when
the degree of uncertainty is sufficiently large, the risky steady state of the deflationary
equilibrium can be at the part of the truncated Taylor rule featuring a positive policy rate
and a below-target rate of inflation. We often associate the deflationary steady state with the

binding ELB constraint. This example suggests that such an association is not warranted.

18



Figure 6: Risk-adjusted Fisher Relation:
Positive Policy Rate in the Risky Steady State of the Deflationary Equilibrium
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Note: The solid black line shows the standard Fisher relation, and the solid red line shows the truncated
Taylor rule. The dashed black line shows the risk-adjusted Fisher relation for ¢ = 0.005. Deterministic
steady states are given by the intersections of the standard Fisher relation and the truncated Taylor rule
(red dot: deflationary equilibrium; red diamond: targeted equilibrium). The black dot indicates the risky
steady state of the deflationary equilibrium. Inflation and nominal interest rates are expressed at annual
rates. The coefficient on inflation in the truncated Taylor rule is set to ¢, = 1.2. All other parameter values
are as in Figure 1.

It is interesting to note that the risky steady state of the targeted equilibrium typically
features the positive policy rate and a below-target rate of inflation, as discussed in detail
by Hills, Nakata, and Schmidt (2019) and reiterated in Section 3. Thus, the configuration
of a positive policy rate and a below-target rate of inflation itself does not tell whether the

economy is at the targeted equilibrium or the deflationary equilibrium.

5.3 Binding ELB in the Targeted Equilibrium

The example above uncovered an interesting configuration of the policy rate and the inflation
rate at the risky steady state of the deflationary equilibrium when the policy rate does not
strongly respond to the rate of inflation. An interesting configuration can also emerge for
the risky steady state of the targeted equilibrium when the policy rate strongly responds to
the rate of inflation.

Figure 7 shows the case in which the coefficient on inflation is high. In this case, when the
degree of uncertainty is sufficiently large, the risky steady state of the targeted equilibrium
can be at the bottom part of the truncated Taylor rule featuring the binding ELB constraint
and a below-target rate of inflation. We often associate the steady state of the targeted

equilibrium with a positive policy rate. This example suggests that such an association is
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not warranted.

Figure 7: Risk-adjusted Fisher Relation:
Binding ELB in the Risky Steady State of the Targeted Equilibrium
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Note: The solid black line shows the standard Fisher relation, and the solid red line shows the truncated
Taylor rule. The dashed black line shows the risk-adjusted Fisher relation for ¢ = 0.009. Deterministic
steady states are given by the intersections of the standard Fisher relation and the truncated Taylor rule
(red dot: deflationary equilibrium; red diamond: targeted equilibrium). The black diamond indicates the
risky steady state of the targeted equilibrium. Inflation and nominal interest rates are expressed at annual
rates. The coefficient on inflation in the truncated Taylor rule is set to ¢, = 25. All other parameter values
are as in Figure 1.

The risky steady state of the deflationary equilibrium typically features the binding ELB
constraint and a below-target rate of inflation, as discussed in Section 3. Thus, the configu-
ration of the binding ELB constraint and a below-target rate of inflation itself does not tell

whether the economy is at the targeted equilibrium or the deflationary equilibrium.

6 Conclusion

In this paper, we analyzed how uncertainty about the future course of the economy affects
allocations in the deflationary equilibrium, paying particular attention to the steady-state
allocation. We find that the rate of inflation is higher at the risky steady state than at the
deterministic steady state in the deflationary equilibrium. When the target rate of inflation
set by the central bank is positive, our result implies that the rate of inflation can be
positive at the risky steady state of the deflationary equilibrium if the degree of uncertainty
is sufficiently large. This situation is consistent with the Japanese economy in the 2010s
when the rate of inflation hovered around a slightly positive level while the policy rate was

constrained at the ELB. Along the way, we also proposed a novel concept—the risk-adjusted
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Fisher relation—to visualize the effect of uncertainty on the steady-state inflation rate and
the policy rate.

The long-run trend rate of inflation is either the target rate set by the central bank or
the inverse of the subjective discount factor of the household in the New Keynesian model
if we abstract away from uncertainty. Many researchers find that the long-run trend rate
of inflation in practice can deviate persistently from these two possibilities. Our analysis
shows that uncertainty can help bridge the gap between the model and data in terms of the

long-term trend of inflation.
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Technical Appendix for Online Publication

A Proofs Related to Equilibrium Existence

A.1 Equilibrium Conditions: State-by-State

Before we proceed to various proofs, it is useful to spell out the equilibrium conditions of
our three-state model state-by-state.

yg = Elyp1] — o lig — r* — Elm] — ¢ (A1)
Ym = E[yt—i-l] -0 [iM -t = E[WHIH (AQ)
yr = Elyi1] — o [ip — " — Elmq] + ¢ (A3)
Tn = kyp + PE[m44] (A4)

™™ = RKYpm + ﬂE[Wt+1] <A5)

71, = kyr, + PE[m44] (A6)

ig = max [0,7" + ¢r7H] (AT)

iy = max [0, 7" 4+ @] (A8)

i, = max [0,r" + ¢7p] (A9)

where E[z;,1] == 1’51” Ty + pury + 1751‘/’ xp and x € {y, 7}

A.2 Candidate Equilibria

There are 8 (= 23) possible equilibria in our model because the ELB constraint either binds
or does not bind in each of the three states.

Definition A.1. Let equilibrium 1 be an equilibrium in which the ELB does not bind in any
state.

Definition A.2. Let equilibrium 2 be an equilibrium in which the ELB binds only in the low
state.

Definition A.3. Let equilibrium 3 be an equilibrium in which the ELB binds only in the
middle state.

Definition A.4. Let equilibrium 4 be an equilibrium in which the ELB binds only in the
high state.

Definition A.5. Let equilibrium 5 be an equilibrium in which the ELB binds in the low and
middle state but does not bind in the high state.
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Definition A.6. Let equilibrium 6 be an equilibrium in which the ELB binds in the low and
high state but does not bind in the middle state.

Definition A.7. Let equilibrium 7 be an equilibrium in which the ELB binds in the middle
and high state but does not bind in the low state.

Definition A.8. Let equilibrium 8 be an equilibrium in which the ELB binds in all three
states.

A.3 Non-existence of Some Equilibria

Proposition A.1. Candidate equilibria 3, 4, 6, and 7 do not exist for any ¢ > 0.

Proof. To begin, we can rewrite our system of nine equations and nine unknowns into a
system of three equations and three unknowns. Our three unknowns will be {7y, mas, 7}
To do so, rewrite the Phillips curve as

m; — PE[m]

Y = o

for j € {H, M, L}. Substitute the above equation and the Taylor rule into the Euler equation.
We now have a system of three equations and three unknowns. To check if this is a valid
equilibrium, we will construct the shadow policy rate as follows.

-shadow __ _x *
i =r"+ (b,ﬂrj.

*

where 77 is the solution to the system of linear equations. If z’jh“d"w is at odds with the
equilibrium condition we assumed, then this cannot be a valid equilibrium.
In the remainder of the proof, we will consider these four candidate equilibria one by one.

Equilibrium 3

By solving a system of linear equations defining the model’s equilibrium conditions, inflation
rates in Equilibrium 3 are given by

—0 (puo (r* +c¢) K+ (r* +¢) pyr — ¢) ke — 0 (pur™ + ¢) K — ppyr”

v =
’ (L+ (ka0 + s = 1) 62) (6,0 + 1)
(kdro + 0 (pyr — 1) K +pu) 1"
™™™ — —
1+ (kpyo +par — 1) éx
- ok (puo (1" —c) k4 (r* —¢) pu + ¢) ¢x — 0 (pur™ — ) K — pur”
=

(14 (kppo +py — 1) ¢z) (Kdro + 1)

and the shadow policy rates evaluated at ¢ = 0 are given by:
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ishadow _ r (¢ﬂ' - 1) (H¢ﬂ0 + 1)
(1 + (kparo + py — 1) &r) (Fro + 1)

I =

Z'shadow _ r <¢7r - 1) (H¢WU + 1)

. 1+ (kpmo + pur — 1) ¢x
-shadow __ r* (¢7r - 1) (Iigﬁﬂo‘ + ]_)
ZH = —

(1 + (’ipMU +pPm— 1) ¢7r) ("Wﬁwo— + 1)

Suppose that (kparo + par — 1) ¢ + 1 > 0. Then, 5% (c = 0) < 0. We can show that

shad
gijrader Moo

dc :_ﬁgbﬁa—i-l <0

Thus, 59w < ( for any ¢, which contradicts the equilibrium condition that ELB does not
bind in L state.
Suppose that (kparo + par — 1) ¢ + 1 < 0. Then, i539%%(c = 0) > 0. We can show that

-shadow
i3y

=0
Oc

Thus, §%4°w > () for any ¢, which contradicts the equilibrium condition that ELB binds in
the M state.

Equilibrium 4

By solving a system of linear equations defining the model’s equilibrium conditions, inflation
rates in Equilibrium 4 are given by

—0%¢. (r* +2¢) (par — 1) K% — o (7" + 2¢) par — %) b + prur™ — 1% —2¢) 6 — 7% (ppr — 1)

i (k20 + 1) (065 (Pt — 1) — 2+ (par + 1) 67)
S (pvr — 1) (ko (1* +¢) ¢ +17%) (0K + 1)

M (kpeo + 1) (=2 + ((par — 1) ok + par + 1) 1)
S —((=2r* =2¢) o+ (P + 1) 17" +2¢) ok — " (pm — 1)

0o (P — 1)k =2+ (pm + 1) ¢

and the shadow policy rates evaluated at ¢ = 0 are given by:

jshadow _ 2(pr—1)7"

((pv = 1) ok +py + 1) o — 2
jehadow _ 2(¢r — 1)1

(P = 1) ok +py + 1) o — 2
Z'gmdow — 2r <¢W _ 1) (“wag + 1)

((prr = 1) ok +par +1) ¢ — 2
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Suppose ((par — 1) 0k + par + 1) ¢ —2 > 0. Then, i5h9%w(c = 0) > 0. We can show that

digpadow 2(¢r — 1) Kpro -
g ((pm—1)ok+pu+1)dr —2

0

Thus, i§hedow > () for any ¢, which contradicts the equilibrium condition that ELB binds in
H state.
Suppose that ((pa — 1) ok + par + 1) ¢ —2 < 0. Then, 524w (c = 0) < 0. We can show
that
digpdow (ok+ 1) (par — 1) ko2

dc (=24 ((py — D)ok +pu + 1) ¢r) (k6r0 + 1) <0

Thus, 59w < ( for any ¢, which contradicts the equilibrium condition that ELB does not
bind in the M state.

Equilibrium 6

By solving a system of linear equations defining the model’s equilibrium conditions, inflation
rates in Equilibrium 6 are given by

—co?gr (pv — 1) K2 — ((eppr — %) G + pur™ — ¢) o — 17 (pr — 1)

e U¢ﬂ(pM_1)H+pM¢ﬂ'_1

o r*(ok+1) (py — 1)

M 1+ (o (par — 1) K+ pr)

= co?pr (prr — 1) K2 — ((—epar — 7°) e + 7™ +¢) ok — 1% (par — 1)

Ugbrr (pM - 1)/{+pM¢7r -1

and the shadow policy rates evaluated at ¢ = 0 are given by:

-shadow __ " (¢7r _ 1) (K“waa- + 1)

b 1+ (o (pm — D E+pur) 6
jshadow _ (¢ — 1)

. —1+ (o (par — 1) K+ pur) 6x
iil(wdow — " (¢7r B 1) (“(bwa + 1)

—1+ (o (py — 1)k +pu) ¢«

Suppose that (o (par — 1) & + par) ¢ — 1 > 0. Then, i3 (¢c = 0) > 0. We can show
that

aishadow
H

Oc

= Koo >0

Thus, i5hedow > () for any ¢, which contradicts the equilibrium condition that ELB binds in
H state.
Suppose that (o (par — 1) K + par) ¢ — 1 < 0. Then, i§edw(c = 0) < 0. We can show
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that

shadow
%y

Oc =0

Thus, 59w < ( for any ¢, which contradicts the equilibrium condition that ELB does not
bind in the M state.

Equilibrium 7

By solving a system of linear equations defining the model’s equilibrium conditions, inflation
rates in Equilibrium 7 are given by

—o (pur*+2c+ 1)k —1r* (pyr + 1)

T o b+ DR 2+ (o — 1)
S o(co(py — 1)K+ pyc—2r" —c)kpr —r* ((py — 1) ok + par + 1)
24+ (oc(pu+1)k+py—1) 0
= 2 K2 pardn0? — o ((—=2pare + 2¢ + 2r*) ¢ + pur™* — r* — 2¢) k — r* (pas + 1)

obr (prr +1)k+2+ (pyr— 1) O

and the shadow policy rates evaluated at ¢ = 0 are given by:

ishadow - 2r* (¢7F B ]‘)

g 24+ (o (pmu+1)E+pu — 1) ¢n
ishadow — 2r (gbﬂ — 1) (’l{gbﬂa + ]')

M 24 (0 (pm + 1)K+ pur — 1) 6z
Z'shadow _ 2r* ((bﬂ — 1) ('%(bﬂo— + 1)

. 24 (o (pu+ 1)K+ pu — 1) ¢x

Suppose that 2+ (o (par + 1) & + par — 1) ¢ > 0. Then, 599 (¢ = 0) < 0. We can show

gigreder 260 “0
de 24 (0 (py + 1) k+pu —1) ¢n

Thus, 529w < 0 for any ¢, which contradicts the equilibrium condition that ELB does not
bind in the L state.

Suppose that 2 + (o (pas + 1) &+ pyr — 1) ¢ < 0. Then, 59w (c = 0) > 0. It can be
shown that

Dishadow okd2 (ok+1) (py — 1)

= >0
dc 2+ (o (py+ 1)k +pa — 1) dr

Thus, 39w > ( for any ¢, which contradicts the equilibrium condition that ELB binds in
the M state. O
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A.4 Existence of Other Equilibria

Unless otherwise noted, we will assume that QW < ¢ < ¢, where

2
6. =

—T OKpy —O0K+py + 1
— —2

T

okpy + 0k +py — 1
We will also assume that py; > (ok — 1) /(oK + 1).

Proposition A.2. FEquilibrium 1 exists when ¢ < ¢ where

r* (kpro + 1)

¢ =
KGro

Proposition A.3. Equilibrium 2 exists when ¢ < ¢ < ¢ where € is defined in the previous
proposition and

2r* (¢ — 1) (kpro + 1)
K(ok+1) (1 —py)od?

c =

Proposition A.4. Equilibrium 5 exists when ¢ < ¢ < ¢ where ¢ is defined in the previous
proposition and

r* <¢7r B 1)

(_j:—

KO

Proposition A.5. Equilibrium 8 exists when ¢ < ¢ where ¢ is defined in the previous propo-
sition.

Proposition A.6. There are two equilibria when ¢ < ¢. There is one equilibrium when
c = ¢. There is no equilibrium when ¢ > ¢.

Proof of Proposition A.2.: By solving a system of linear equations defining the model’s
equilibrium conditions, inflation rates in Equilibrium 1 are given by

B Ko
L= _qubWO'—F 1C
T M =0

B KO
= /ﬁquﬂa+1c

When ¢ =0, 7y = mp = 7, = 0. According to the truncated Taylor rule, iy = iy = i, = 1.
Thus, Equilibrium 1 exists when ¢ = 0. when ¢ > 0, 7, < my < 7wg. Accordingly, to find
the maximum value of ¢ for which this equilibrium exists, we only need to check when 3w

is at odd with our equilibrium condition.
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ishadow consistent with 77, above is given by
-shadow __ KO'QZSﬂ *
iy = ——cCHr
fmo + 1

If we find the value of ¢ such that "% = (), that is the maximum degree of uncertainty
consistent with this equilibrium. Accordingly, Equilibrium 1 exists when ¢ < €.

Proof of Proposition A.3.: By solving a system of linear equations defining the model’s
equilibrium conditions, inflation rates in Equilibrium 2 are given by

(ko (r* —¢) op + 1) (ok + 1) (1 — pusr)

T = (o1 — 1) oh + por + 1) 6 — 2 + ko (r* —c)
o (ko (r* —¢) op + 1) (ok + 1) (1 — pusr)
M (koro +1) (pyr = 1) ok +par + 1) 62 — 2)
KoC
7TH:7TM+m

When ¢ > 0, mp; < wg. Thus, to find the minimum and maximum on ¢ which can be
supported by this equilibrium, it suffices to find the value of ¢ where i§%%% = () and i5hedow =

0, respectively. i5hdow and j3hedow consistent with 7y, and ), above are given by
Z'ihadow _ 2 (¢W B 1) (HU (T'* B C) (bﬂ” + T*)
((pvr — 1) ok +py +1) §pr — 2

ishadow . K (CU (pM - 1) K+ (pM - ]') c+ 2’["*) U¢72r + (QT* - 2/{7"*0-) gbﬂ —2rr
M a (((pM - 1) oK+ pu + 1) ¢W - 2) (mﬁwa + 1)

If we find the value of ¢ such that i§"°* = (), that is the minimum degree of uncertainty
consistent with this equilibrium. If we find the value of ¢ such that i$e%w = 0, that is the
maximum degree of uncertainty consistent with this equilibrium. Accordingly, Equilibrium
2 exists whene < e¢ < e¢.

Proof of Proposition A.4.: By solving a system of linear equations defining the model’s
equilibrium conditions, inflation rates in Equilibrium 5 are given by

T =Ty — ROC
—(co(ppr — 1) K+ pyuc+2r* —c)okgy — (0 (ppr — 1) K+ par + 1) r*
24 (o (pm+ 1)k +pu —1) on

TN —

T — ko (r* —¢)
14+ koo,

TH

When ¢ > 0, m;, < my. Thus, to find the minimum and maximum on ¢ which can be

supported by this equilibrium, it suffices to find the value of ¢ where i§4%% = () and i5pedow =
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-shadow shadow

0, respectively. 73} and 7%/ consistent with 7, and 7y above are given by

juhadow _ (co(pyr — 1)k + (par — 1) ¢+ 21%) ko g2 + (26r%0 — 21%) ¢ + 2r*
24 (c(py+ 1) E+py —1) o
(2cok — 2r*) ¢p + 21"
24 (oc(pm+ 1)K+ pu— 1) bn

-shadow __
g

If we find ¢ such that i§%4°% = 0, that is the maximum degree of uncertainty consistent
with this equilibrium. If we find ¢ such that 59 = (, that is the minimum degree of un-
certainty consistent with this equilibrium. Accordingly, Equilibrium 5 exists when ¢ < ¢ < ¢.

Proof of Proposition A.5.: By solving a system of linear equations defining the model’s
equilibrium conditions, inflation rates in Equilibrium 8 are given by

7w, = —1r" — Koc

v — —r*

Ty = —r* + Kkoc
When ¢ = 0, g = myy = m, = —r*. According to the shadow policy rate, Sh“d"w =
jshadow — gshadow — () Thus, Equilibrium 8 exists when ¢ = 0. When ¢ > 0, 7, < 7TM < TH.

Accordingly, to find the maximum value of ¢ for which this equilibrium exists, we only need
to compute when 759 is at odds with our equilibrium condition.

ishadow consistent with 7 above is given by

ishadow — (koe —r*) g +1*

If we find ¢ such that i§#4°w = (), that is the maximum degree of uncertainty consistent with
this equilibrium.

Proof of Proposition A.6.: When ¢_ < ¢x, ¢ < holds. By Proposition A.2 to Proposition
A5, ¢ < ¢ < ¢ According to Proposmon A.2-A5, Equilibrium 1 and Equilibrium 8 exist
when ¢ < ¢, Equilibrium 1 and Equilibrium 5 ex1st when ¢ < ¢ < ¢, Equilibrium 2 and
Equilibrium 5 exist when ¢ < ¢ < ¢. When ¢ = ¢, Equilibrium 2 and Equilibrium 5 coincide.
Accordingly, there is one equilibrium. When ¢ > ¢, there is no equilibrium.

B Proofs of the Main Propositions

Proposition 1. In the deflationary equilibrium, when c¢ is sufficiently small, the rate of
inflation at the risky steady state coincides with that at the deterministic steady state. When
¢ 1s sufficiently large, the rate of inflation is higher at the risky steady state than at the
deterministic steady state.

Proposition 2. In the targeted equilibrium, when c is sufficiently small, the rate of inflation
at the risky steady state coincides with that at the deterministic steady state. When c is suf-
ficiently large, the rate of inflation is lower at the risky steady state than at the deterministic
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steady state.

In what follows, we will denote 7, in Equilibrium 2 and Equilibrium 5 as 7%, and 7tM
respectively.

Proof of Proposition 1: By Proposition A.6, Equilibrium 1 and Equilibrium 8 exist when
¢ < ¢. Then, Equilibrium 8 is the deflationary equilibrium. Thus, rate of inflation at the
risky steady state coincides with that at the deterministic steady state when ¢ < c.

By Proposition A.6, Equilibrium 1 and Equilibrium 5 exist when ¢ < ¢ < ¢, Equilibrium
2 and Equilibrium 5 exist when ¢ < ¢ < ¢. When ¢ = ¢, Equilibrium 2 and Equilibrium 5
coincide. Accordingly, Equilibrium 5 is deflationary equilibrium when ¢ < ¢ < ¢.

7T]j%4M evaluated at ¢ = ¢ is —r*, which coincides with the rate of inflation at the deter-

ministic steady state. It can be shown that

omy (o +1)(1 — py)kod,

= >0
dc 2+ (o(par + Dk +par — 1) ¢z

Therefore, the rate of inflation is higher at the risky steady state than at the deterministic
steady state in the deflationary equilibrium when ¢ < ¢ < ¢.

Proof of Proposition 2: By Proposition A.6, Equilibrium 1 and Equilibrium 8 exist when
¢ < ¢, Equilibrium 1 and Equilibrium 5 exist when ¢ < ¢ < ¢. Then, Equilibrium 1 is
the targeted equilibrium when ¢ < €. Thus, the rate of inflation at the risky steady state
coincides with that at the deterministic steady state when ¢ < ¢.

By Proposition A.6, Equilibrium 2 and Equilibrium 5 exist when ¢ < ¢ < ¢. When
¢ = ¢, Equilibrium 2 and Equilibrium 5 coincide. Accordingly, Equilibrium 2 is the targeted
equilibrium when ¢ < ¢ < ¢.

7l evaluated at ¢ = € is 0 which coincides with the rate of inflation at the deterministic

steady state. It can be shown that

ony k(ok +1)(par — 1)o o, “0
dc B ("Wﬁro_ + 1) (((pM - 1)U’€ +Pm 1) ¢7r - 2)

Therefore, the rate of inflation is lower at the risky steady state than at the deterministic
steady state in the targeted equilibrium when ¢ < ¢ < ¢.
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C Proofs Related to the Risk-Adjusted Fisher Rela-
tion

Proposition 3. The risk-adjusted Fisher relation is the following piecewise linear function:

4+ Ty ifWM<7TLB
. r*+ A+ Bry  ifmpp <my <7
T*+C—|—D7TM Zf7TB§7TM§7TUB
r* 4+ Ty if7TU3<7TM
where
™ + Kdroc r* 5o Hro(r—c)
TLp =~~~ B~ —7"—, TUB = —
O 7 o ko, + 1
and

A= %(pM —1) (r* + Kkoc + HU(ll__i_(b;()j(;: — C))
_ 1 (¢r — 1)(1 — pur)
BE(pM“_ [y )

1 T
C = 5(1 _pM>(1 + /iO') (7”* — %C)

D= %@(1 —pu)(1+ ko) +1
Proof. As discussed in Section 4, given m;, we need to compute the risk-adjustment term
based on hypothetical policy functions that would prevail if 7™ (§ = 0) = 75, and that
satisfy the relative Euler equations, the Phillips curve, and the truncated Taylor rule.

For any given 7, we will first solve for such hypothetical policy functions and then
compute the risk-adjusted Fisher relation consistent with them. We will do so separately for
each of the four ranges of my;: (1) myr < mrp, (i) T < Ty < 7, (i) 75 < Ty < 7B, and
(IV) B < M-

(1) ™ < TLB
We construct the hypothetical policy functions consistent with m; in the following four steps.
Step 1: Construct the hypothetical policy function of inflation.

Substituting the Phillips curve and the truncated Taylor rule into the relative Euler equation,
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we obtain

™ (§ = ¢) = my + Koc

M (§ = —¢) = Ty — Koc
7™ (§ = 0) is given by
hoar (§ — _
TM(§ =0) =Ty
Step 2: Express the expected inflation as a function of 7.

Using 7™ (§ = ¢) and 7™ (§ = —c), we obtain

1-— 1-—
E[x"™ (8)}§ = 0] :=——2a" ™ (§ = ¢) + pam™ (8 = 0) + —5 x5 = —)
:ﬂ'M

Step 3: Construct the hypothetical policy function of output gap.

Substituting 7™ (§ = ¢), 7™ (§ = —c), and E[zx"™1(§')|§ = 0] into rearranged Phillips
curves, we obtain

rhm (§ = c) — B[ (87)[5 = 0]

haoy(§ — 2) —
yrm(o = c) -
= 1_/87TM—|—O'C
K
- g (§ = 0) — BE[xh™ (§)]6 = 0
yh, M(§=0) = ( ) [ (0] ]
K
1-p
= M
K
7.‘,thM S = —c) — Eﬂ.h,wM SIS =0
yh’wM(éz—C): ( ) — BE[ (0")] ]
K
1-p
= Ty — OC

Step 4: Construct the hypothetical policy function of policy rate.

According to the truncated Taylor rule, the policy function of the policy rates are given by

"6 =¢) =0
(6 =0) =0
M5 = —¢) =0

To summarize, the hypothetical policy functions are given by
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M (§ = ¢) = Ty + Koc
T (§ = 0) = 7y
M (§ = —¢) = Ty — KoC
1
Y™ (§ = c) = - 671’1\/[ +oc
1—
yh,ﬂ'jw (6 _ 0) — /Bﬂ_M
h, s _ 1 -
Y™ = —c) = Ty~ 0C
iP5 =¢) =0
(5 =0) =0
T (§ = —¢) =0

By construction, they satisfy the relative Euler equation, the Phillips curve, and the trun-
cated Taylor rule and 7™ (§ = 0) = 7y,

Now that we have obtained the hypothetical policy functions consistent with 7, such
that 75 < my < g, we can compute the risk-adjusted Fisher relation.

iy =r"+my ot (E[yh’”M(cS’)M =0] —yum)
+ (E[x"™(8")]6 = 0] — mr)

1-— 1-—
— 4 s+ 0—1 ( szyh,ﬂ']\/[ (5 — c) —|-pMyh’7TM(5 — 0) + 2pMyh,7rM (5 — —c) _ yM)

1-— 1-—
+ ( 2pM7_‘_h,7rM (5 _ C) _'_pMﬂ.thM (5 — 0) 4 QPMT‘_h,ﬂ']M (5 — —C) _ 71,M)
=r"+7mn+ (yv —ym) + (mar — mur)

=r* 4+ Ty

(i) mrp <7y < 7B

We first construct the hypothetical policy functions consistent with m; in the following four
steps.

Step 1: Construct the hypothetical policy function of inflation.

Substituting the Phillips curve and the truncated Taylor rule into the relative Euler equation,
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we obtain

T — ko (r* —¢)
1+ koo,
M (§ = —¢) = Ty — KoC

M (§ = ¢) =

mm™(§ = 0) is given by
ﬂh’ﬂM(Cs = 0) = Tm
Step 2: Express the expected inflation as a function of 7.

Using 7™ (§ = ¢) and 7»™ (§ = —c), we obtain

1-— 1-—
E[x"™ (5|6 = 0] ::—2pM M (§ = ¢) + ppr ™ (5 = 0) + —2pM 7™M (§ = —c)

1/ 1—puy 1 —py (ko(r* —c)
—— = _
2 (1+/<oagz57r+ +pM> o 2 (1+lwqb7r Froc

Step 3: Construct the hypothetical policy function of output gap.

Substituting 7™ (§ = ¢), 7™ (§ = —c), and E[zx"™1(§')|§ = 0] into rearranged Phillips
curves, we obtain

T (§ = ¢) — BE[x™ (§")|6 = 0]

Yy (6 = c) = -
(-3 (2o
+ “‘ZMW (1:*;0; +c) —o(r —¢)
(5 = 0) = (0 =0) — Bf[?rh’”M(5’)|5 = 0]
:%<1—§(%JFHWDWJF(I_ZM)BU <17:;U;W+c>
(s gy T =) - i]E[whmM((s')w — 0]
_ % (1—§ (;J:TZJ‘;JFHpM))wMJr (1_7;M)60 (17:;0;# —|—c> —oc

Step 4: Construct the hypothetical policy function of policy rate.
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Substituting 7™ (§ = ¢) into the truncated Taylor rule, we obtain

TS = ¢) = 1r* + g™ (5 = )
o (7TM — ko (r* — c))

1+ koo,

According to the truncated Taylor rule, ™ (§ = 0) and "™ (§ = —c) are given by

TM(§=0) =0
(= —c) =0

To summarize, the hypothetical policy functions are given by

Ty — ko (r* —¢)

h7rM
(0=c)= 1+ koo,
her( 0):7T
M (§ = —¢) = Ty — Koc
o (2 e )

1—pM)Ba r*—c .
5 <1+HU¢W+C>—O’(T —c)

hvis oy L (1 B 1—pu (1 —=pm)Bo [ 1 —c
N

1 B 1-pu
h, S=—c)=—-(1=C 1
yr ) K ( 2 (1—|—f@ad),, TPy

On (Tpr — KO(1* — €))

T =c)=1"+ 1+ Kkod

M5 =0) =0
gl (0=-c)=0

By construction, they satisfy the relative Euler equation, the Phillips curve, and the trun-

cated Taylor rule and 7™ (§ = 0) = 7.

Now that we have obtained the hypothetical policy functions consistent with 7, such

that mp < my < g, we can compute the risk-adjusted Fisher relation.
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iy =1+ my+ o (Bl (86 = 0] — yur)
+ (E[x"™(8')|6 = 0] — mar)

1-— 1—
— s+ 0_—1 ( 2pMyh,ﬂ'J\/[(5 — C) —I—pMyh’”M(CS — 0) + 2pMyh,7rM(5 — —C) _ yM)

1-— 1—
- (—QpM (S = ¢) + pym ™ (5 = 0) + —QpM M (§ = —c) — 7TM)

o -1 A =pmo [ bx(mm —Ko(r =)
Trrmere (yM 2 (T " 1+ koo, yu

1/ 1—pu (1 —py)ko [ r*—c

R | _ _

+2<1—|—,‘10¢W+ +pM)7TM 2 1+maq§ﬁ+c ™

1 ro(1 =) —c)\ | 1 (¢x — 1)1 —pu)

=74+ = -1 * - 1—
' +2<pM )(r et 1+ Koo +2 Pt 1+ koo, o

=r"+ A+ Bmy

(iii) 75 < mym < o

We construct the hypothetical policy functions consistent with 7, in the following four steps.
Step 1: Construct hypothetical policy functions of inflation.

Substituting the Phillips cure and the truncated Taylor rule into the relative Euler equation,
we obtain

ROC
1+ Kkody
T (§ = —¢) = (1 + Kogs)mas + Ko (1" — )

™M (§ = ¢) = Ty +

n™(§ = 0) is given by
M (§ = 0) =
Step 2: Express the expected inflation as a function of 7.

Using 7™ (§ = ¢) and 7™ (§ = —c), we obtain

E[x"™ (5|6 = 0] ::—1 —Pu 7™M (§ = ¢) + ppm ™ (§ = 0) + 1=pu M (§ = —c)

2 2
1 —pu 1 — par k202¢rcC
(1 i R
< + 5 KOO ) v+ 5 <nar 1+ roo.

Step 3: Construct the hypothetical policy function of output gap.

40



Substituting 7™ (§ = ¢), 7™ (§ = —c), and E[x"™1(§')|§ = 0] into rearranged Phillips
curves, we obtain

T (§ = ¢) — BE[x™ (§")|6 = 0]

Y6 = c) = -
(1=8 (1 —pu)Bods (1 —pyp)Bo [ kKopre . oc
_( ko 2 >7TM+ 2 (1—1—/<o<7gz57r_r)—i_l—i-/wgzxr
yh,er (5 _ O) _ gl (6 — 0) — BE[W}WFM (6/)’6 — 0]
K
o - B (1 _ pM)60-¢7r (1 _pM>ﬁO- KU¢WC *
_( ko 2 )WMJF 2 (1+m¢ﬁ_r>
yhﬂrM (5 — —C) — 7Th77rM (6 = _C) - 5E[7Th7ﬂ—M (5,)|6 = 0]
K
= (1 ; B _ (1 _pl\24)5<7¢7r +a¢7r) T + (1 —Z;M)ﬁa (1’17:?;;” — r*) +o(r—c)

Step 4: Construct the hypothetical policy function of policy rate.

Substituting 7™ (§ = ¢) into the truncated Taylor rule, we obtain
-h, T r _ % h,7pr _
PO =c) =17+ G ™M(0 = c)

i n Koc
=T T T S —
M 14+ koo,

According to the truncated Taylor rule, i"™ (§ = 0) and "™ (§ = —¢) are given by

Z-h,wM<5 _ O) = r* =+ ¢7r7TM
ih’”M(5 =—c)=0

To summarize, the hypothetical policy functions are given by
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TM(S — ) — 1-p (1 _ pM)/BO-(ibﬂ' (1 - pM)ﬁU KO QrC « oc
" (5—0—( — - 5 )WM—I— 5 (1+na¢ﬂ_r>+—1+/w¢ﬂ
M (S — — 1-p _ (1 _pM)/BU¢W (1 —pM>ﬁO' KO QrC o
v (6_0)_( K 2 )”” 2 (1+m¢ﬂ r)
YT (5 = —¢) = (1;5 e —p]\g)ﬁaqbw +a¢ﬂ) Tar + (1 —];M)ﬁa (1/1025;;W —7”*) ol — )

Koc
TS = ¢) =1 + ¢n (WM N 1+ koo )

T = 0) = 1" + amar
(S = —¢) =0

By construction, they satisfy the relative Euler equation, the Phillips curve, and the trun-
cated Taylor rule and 7™ (§ = 0) = 7.

Now that we have obtained the hypothetical policy functions consistent with 7, such
that g < mp; < myp, we can compute the risk-adjusted Fisher relation.

iy =r"+my ot (E[yh’”M((S’)\(S =0] - yM)
+ (]E[ﬂh’”M(é’)M =0] — 7rM)

1-— 1-—
STt (%yh’”’(é = &) + pary ™ (5 = 0) + — "y (§ = —¢) - yM)

1-— 1—
+ (—QPM M (§ = ¢) + ppr ™ (§ = 0) + —2pM M (§ = —¢) — 7TM)

1— oc
=7 4ty ot (yM + by <0gz57r7rM +o(r*—c)+ —) - yM)

2 1+ koo,
1 — 1— 2 .2 -
+ (1 + 2pM /wgbﬁ) T + 2pM (/mr* — %) — Ty

=r*+ %(1 —pm) (1 + ko) <r* — %c) + (%(1 —pm)(1+ ko), + 1) ™

=r"+C+ Dry

(iV) T < TTMm

We construct the hypothetical policy functions consistent with m; in the following four steps.

Step 1: Construct the hypothetical policy function of inflation.
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Substituting the Phillips curve and the truncated Taylor rule into the relative Euler equation,
we obtain

ROC

(0 =€) = M koD
ROC

(S = —c) = Ty — 1+ koo

7™ (§ = 0) is given by
M (§ = 0) = 7y
Step 2: Express the expected inflation as a function of 7.

Using 7™ (§ = ¢) and 7™ (§ = —c), we obtain

1-— 11—
E[x" ™ (8)}5 = 0] :=—— 2™ (8 = ¢) + pam ™ (8 = 0) + — ™ (5 = —)

:ﬂ'M

Step 3: Construct hypothetical policy functions of output gap.

Substituting 7™ (§ = ¢), 7™ (§ = —c), and E[zx"™1(§')|§ = 0] into rearranged Phillips
curves, we obtain

Thm (§ = ¢) — BE[rM™ (§")|§ = 0]

h’ﬂ-M = =
y i =o) .
1—-p oc
K Tt 1+ koo,
. rhm (§ = 0) — BE[r"™ ()6 = 0
yh, M(5:O): ( ) [ ( )| ]
K
1-p
= ’ﬂ'M
K
- ah™ (§ = —¢) — BE[x»™(§")]d = 0
y’% M((SI—C): ( ) [ ( )| ]
K
B 1—-p _ oc
T TR M 14+ koo,

Step 4: Construct the hypothetical policy function of policy rate.

Substituting the hypothetical policy functions of inflation into the truncated Taylor rule, we
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obtain
TV = ¢) ="+ g™ (S = c)

. koc
=7r"+ ¢ <7TM+—1—|—I{O'¢7T)
(S = 0) =1 + P
TS = —¢) = r* 4 ™ (§ = —¢)

"y Koc
=r o | Ty — ———
M 14+ koo,

To summarize, the hypothetical policy functions are given by

Bt (5 — o) — Koc
T™M(§ = c¢) =Ty + T roo.
M (§ = 0) = 7y
hst (5 — ) — _ koc
M ( c) =Ty p—
1—-p oc
h, s § = —
Y ( 2 K Tt 1+ koo,
1—
y(=0) =+ Ly,
1-7 oc
hym S = —c) = _
4 ( 2 K ™ + KOO,
hat (5 — o) — o KoC
i (5 = o) r+¢w(m+1+m¢w

By construction, they satisfy the relative Euler equation, the Phillips curve, and the trun-
cated Taylor rule and 7™ (§ = 0) = 7,

Now that we have obtained the hypothetical policy functions consistent with 7, such
that myp < w7, we can compute the risk-adjusted Fisher relation.
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iy =1+ my+ o (Bl (86 = 0] — yur)
+ (E[x"™(8')|6 = 0] — mar)

1-— 1 —
— s+ 0_—1 ( 2pMyh,ﬂ'J\/[(5 — C) +pMyh’7rM(5 — 0) + 2pMyh,7rM(5 — —C) _ yM)

1-— 1 —
+ (—pM T (§ = ¢) + pprm (5 = 0) + TP (5 = —¢) — ’/TM)

2 2
=r"+7mm+ (Y —ym) + (7 — )
=r*+ 71y
O
D Proofs Related to Positive Inflation Target
The model with a positive inflation target can be written in the following way.
Yr = B[] — 0 [ie — Ee[Tpa] — (" +77) — 04 (D10)
T = KYp + BE[7r11] (D11)
iy = max[0,r" + 7" + ¢y (D12)
where
ﬁt = Ty — 7'l'>'< (Dl?))

Equation (D10) is the consumption Euler equation, equation (D11) is the standard New
Keynesian Phillips curve, and equation (D12) is the truncated Taylor rule.

Proposition D.1. Let

2(* +1%)(¢r — 1)(kOhr + 1)
kp2o(ko +1)(par — 1)

Ctarg

There are two equilibria when ¢ < Ciqrg. There is one equilibrium when ¢ = Cqrg. There is
no equilibrium when ¢ > Ciarg

Proof. By equation D10 to D13, the system of equations with a positive inflation target is
identical to that with a zero inflation target, with m, and r* being replaced by 7, and r* + 7%,
respectively. Accordingly, this proposition is identical to A.6. O

r*

Proposition 3: Suppose that 7* > p—) (> 0). If ¢ is sufficiently large, inflation at the risky
steady state in the deflationary equilibrium is positive.
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Proof. Similar to the model with a zero inflation target, we define ¢;,,, as the maximum value
of ¢ for the existence of equilibrium 1. By Proposition D.1, Equilibrium 8 is deflationary
equilibrium when ¢ < ¢;,,.,. Thus my = —r* < 0. By Proposition D.1, Equilibrium 5 is
deflationary equilibrium when ¢;,,., < ¢ < Garg. Ty evaluated at ¢, is:

Ty =—-r"<0
mu evaluated at Ciqpg is:
. TEATT
Ty =T — . >0
It can be shown that
Oy (ok+ 1)(1 — ppr) kOO

= >0
Oc 2+ (o(py + D)k +py — D)oo

[]

Accordingly, if ¢ is sufficiently large, inflation at the risky steady state in deflationary
equilibrium is positive.

E Proofs Related to Low ¢,

In this section, we will assume that ¢, < QW. Key propositions from this subsection are as
follows.

E.1 Existence of Equilibria: Low ¢,

Proposition E.1. Equilibrium 1 exists when ¢ < ¢ where € is defined in Section A.

Proposition E.2. FEquilibrium 2 exists when ¢ < ¢ < ¢ where ¢ and ¢ are defined in Section
A.

Proposition E.3. Equilibrium 5 exists when ¢ < ¢ < ¢ where ¢ and ¢ are defined in Section
A.

Proposition E.4. Equilibrium 8 exists when ¢ < ¢ where c is defined in Section A.

Proposition E.5. There are two equilibria when ¢ < ¢. There is one equilibrium when
¢ =¢. There is no equilibrium when ¢ > ¢.

Proof of Proposition E.1.: By Proposition A.2, the existence of Equilibrium 1 does not de-
pend on the value of ¢,. Accordingly, Equilibrium 1 exists when ¢ < €.
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;shadow __

Proof of Proposition E.2.: By Proposition A.3, it suffices to find the value of ¢ where i
0 and i3hadow = (), respectively. i5%9°® and zSh“d"w are given by

sshadow __ 2 (gbﬂ - 1) (K’U (T* - C) ¢7T + T*)

k (b — 1) ok +pu +1) o — 2

sshadow _ K (co(pyr — 1)k + (par — 1) ¢+ 2r*) 02 + (2r* — 261%0) ¢ — 2r*
Mo (((pvr — 1) ok +par + 1) 6 — 2) (Kpr0o + 1)

Note that the sign of the denominator is the opposite: when Qﬂ < ¢r < ¢. and when

br < ¢,. If we find the value of ¢ such that 5% = 0, that is the maximum degree of
uncertainty consistent with this equilibrium. If we find the value of ¢ such that i3tedow = 0,
that is the minimum degree of uncertainty consistent with this equilibrium. Accordingly,
Equilibrium 2 exists when ¢ < ¢ <¢.

Proof of Proposition E.3.. By Proposition A.4, it suffices to find the value of ¢ where 7§dow —
0 and g5hedow = () respectively. i324%°% and zShadow are given by

sshadow _ ~ (co(pymr — 1)k + (par — 1) ¢+ 21%) ko g2 + (26r%0 — 21%) ¢ + 2r*
M 24+ (oc(pu+1)Kk+py—1) ¢

(2cok — 21*) ¢ + 21*
24 (cpu+ 1) k+pu—1) 0

-shadow __
1 H =

Note that the sign of the denominator is the same in both cases: when ¢ < or < ¢ and

when ¢, < ¢,. If we find ¢ such that i$%¥" = 0, that is the maximum degree of uncertainty
consistent with this equilibrium. If we find ¢ such that i5?%* = 0, that is the minimum
level of uncertainty consistent with this equilibrium. Accordingly, Equilibrium 5 exists when
c<c<ec

Proof of Proposition E.4.: By Proposition A.5, the existence of Equilibrium 8 does not de-
pend on the value of ¢,. Accordingly, Equilibrium 1 exists when ¢ < c.

Proof of Proposition E.5.: When ¢, < gb ¢ < ¢ < ¢ holds. According to Proposition
E.1-Proposition E.4, Equilibrium 1 and Equlhbrlum 8 exist when ¢ < ¢, Equilibrium 1 and
Equilibrium 5 exist when ¢ < ¢ < ¢, Equilibrium 1 and Equilibrium 2 exist when ¢ < ¢ < c.
When ¢ = ¢, Equilibrium 1 and Equilibrium 2 coincide. Accordingly, there is one equilib-
rium. When ¢ > ¢, there is no equilibrium.

E.2 Proof of Main Proposition: Low ¢,

Proposition E.6. Suppose that ¢, < [ If ¢ is sufficiently large, the policy rate at the
risky steady state in the deflationary equilibrium is positive.

Proof. By Proposition E.5, Equilibrium 8 is the deflationary equilibrium when ¢ < ¢. Equi-
librium 5 is the deflationary equilibrium when ¢ < ¢ < ¢. Accordingly, iy, = 0 when ¢ < ¢.
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When ¢ < ¢ < ¢, Equilibrium 2 is the deflationary equilibrium. Accordingly, the policy rate
at the risky steady state in the deflationary equilibrium is positive when ¢ < ¢ <. O

F Proofs Related to High ¢,

In this section, we will assume that ¢_ < ¢,. Key propositions from this subsection are as
follows.

F.1 Existence of Equilibria: High ¢,

Proposition F.1. Equilibrium 1 exists when ¢ < ¢ where ¢ is defined in Section A.

Proposition F.2. Fquilibrium 2 exists when ¢ < ¢ < ¢ where ¢ and ¢ are defined in Section
A.

Proposition F.3. Fquilibrium 5 exists when ¢ < ¢ < ¢ where ¢ and c are defined in Section

A.
Proposition F.4. Equilibrium 8 exists when ¢ < ¢ where c is defined in Section A.

Proposition F.5. There are two equilibria when ¢ < c. There is one equilibrium when
¢ =c. There is no equilibrium when ¢ > c.

Proof of Proposition F.1.: By Proposition A.2, the existence of Equilibrium 1 does not de-
pend on the value of ¢,. Accordingly, Equilibrium 1 exists when ¢ < ¢.

Proof of Proposition F.2.: By Proposition A.3, it suffices to find the value of ¢ where i§hedow —

0 and i§tedow = 0, respectively. i5"edov and §hedow are given by

Z-shadow _ 2 (¢7T — 1) (HU (T* B C) ¢7T + T*)

- ((pv — 1) or+par + 1) 6 — 2

ishadow _ K (CO_ (pM B 1) K+ (pM _ 1) ¢+ QT*) 0¢72r + (QT* — 2/{7"*0-) ¢7T — 2
o ((par = V) o+ par +1) 6 — 2) (5¢w0 + 1)

Note that the sign of the denominator is the same in both cases: when ?ﬂ < ¢p < ¢, and

when ¢, < ¢,. If we find ¢ such that i$"*® = 0, that is the minimum degree of uncertainty
consistent with this equilibrium. If we find ¢ such that ij%* = 0, that is the maximum
degree of uncertainty supported by this equilibrium. Accordingly, Equilibrium 2 exists when
c<c<ec.

Proof of Proposition F.3.: By Proposition A.4, it suffices to find the value of ¢ where i§dov =

0 and i3pedew = (), respectively. i$24°¢ and 7514w are given by

-shadow __ (CU (pM - 1) K+ (pM - 1) ¢+ QT*) K‘O-(bgr + (2/‘@7’*0' - 2T*) (bﬁ + 2r*

i

M 24+ (0c(pu+ 1)k +py — 1) ¢x
shadow (2cok — 21r*) ¢ + 21*

H

24 (o(py + 1) E+py—1) br
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Note that the sign of the denominator is opposite: when ?ﬂ < ¢r < ¢, and when ¢, < ¢_.

If we find ¢ such that i$%4°* = (, that is the minimum degree of uncertainty consistent
with this equilibrium. If we find ¢ such that 54w = (, that is the maximum degree of un-

certainty consistent with this equilibrium. Accordingly, Equilibrium 5 exists when ¢ < ¢ < c.

Proof of Proposition F.J.: By Proposition A.5, the existence of Equilibrium 8 does not de-
pend on the value of ¢,. Accordingly, Equilibrium 1 exists when ¢ < c.

Proof of Proposition F.5.: When ¢_ < ¢, ¢ < € holds. By Proposition F.1 to Proposition
F4, c<e<e.

According to Proposition F.1-Proposition F.4, Equilibrium 1 and Equilibrium 8 exist
when ¢ < ¢, Equilibrium 2 and Equilibrium 8 exist when ¢ < ¢ < ¢, Equilibrium 5 and
Equilibrium 8 exist when ¢ < ¢ < ¢. When ¢ = ¢, Equilibrium 5 and Equilibrium 8 coincide.
Accordingly, there is one equilibrium. When ¢ > ¢, there is no equilibrium.

F.2 Proof of Main Proposition: High ¢,

Proposition F.6. Suppose that ¢, < ¢,. If c is sufficiently large, the policy rate at the
risky steady state in the targeted equilibrium s 0.

Proof. By Proposition F.5, Equilibrium 1 is the targeted equilibrium when ¢ < ¢. Equilib-
rium 2 is the targeted equilibrium when ¢ < ¢ < ¢. Accordingly, the policy rate at the risky
steady state in the targeted equilibrium is positive when ¢ < ¢. When ¢ < ¢ < ¢, Equilibrium
5 is the targeted equilibrium. Accordingly, the policy rate at the risky steady state in the
targeted equilibrium is zero when ¢ < ¢ < c. O

G Model with a Uniformly Distributed Shock

In this section, we consider the model with a uniformly distributed natural rate shock.
We first show that all equilibria that feature an occasionally binding ELB give rise to a
deflationary bias in the risky steady state. Generically, if equilibria with an occasionally
binding ELB exist, there are two of them. We then prove that a symmetric increase in the
support of the natural rate shock raises inflation at the risky steady state in the deflationary
equilibrium and lowers it in the targeted equilibrium.

Aggregate private sector behavior and monetary policy can be written in the following
way.

Tt = /BEtTrt-i-l + RY¢ (G14)
Yo = Eyrsr — o iy — By — (r" +77)] (G15)
iy = max [0, 7 + 7% + ¢y (7, — 7)), (G16)

We assume that §; is uniformly distributed, 6, ~ U(—¢, €), with € > 0.
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We now proceed in two steps. We first show that in any equilibrium of the stochastic
model where the ELB occasionally binds, unconditional expected inflation is below the infla-
tion target. We then show that the inflation at the risky steady state of any such equilibrium
is below the inflation target, and, therefore, below inflation at the deterministic steady state
in the targeted equilibrium.

Using (G14) to substitute out (expected) output in (G15), we obtain

Ty = (1 + /ﬁ)O’)E’/TH_l — /ﬁ?O'(Z.t — (7"* + 5,5)), (Gl?)

where we made use of the fact that E;my = Empq. Next, substituting (G17) into (G16),
one obtains an equation that relates the policy rate to expected inflation and the natural
rate shock

*

r KOGy
1+ koo, 14+ Koo,

1—¢x *+q§,r(1—|—/<;0)

)
(" + t)+1+/£0(b,r7r 1+ koo,

Emi| (G18)

1, = max |0,

From (G17) and (G18), it follows that

(1+ ko)Emq + ko (r* + 0y),
if §, < —ho0nyx 5o By 1 — 1=

T = mT(;S,r KOO
- 1+ko _ wo(l=¢r) _x
Ttrodn Empr + 1+m7¢ Trnogs Ot Throd. T o
1+Krodr 1+ 11—
if 6, > — maﬁf r* — H:UEﬂ-t+1 — mzﬂ ™.

Let u; be the probability that the lower bound constraint is binding in period ¢. Then,

1, if — Hrodepx 1+HUE7T = Sl > e
KOG KO Pr
% (6 — 1::"‘75" (r* 4+ a*) — 1*’“ (Emppq — 7 ))
Mt = . i 14+ko 1+ —¢
if —e<— ¥ — ”“Ewtl— It < €
KO Ko KO
3 1+K’U¢ﬂ' * 1+kKko ¢7‘r
0, if — et M Eﬂt+1—m¢7r < —e.

Taking unconditional expectations of m;, we have

(1 + ko) Emyq + ko™, if =1
2
1 ( )2¢ﬂ 1+ . 1
Em ={ % 1’fm¢w <€ - H;Z,d) (r*4+7*) — 52 (Empyy — 7 ))
ko(l—¢r) % .
+1+m¢ E7T+1—W7T, 1f0<,ut<1
1 s * :
s Bm — oo, ifw =0

In equilibrium, Em; = Emq. In any equilibrium in which the probability of a binding
ELB is one, Exr = —r*. That is, expected inflation is equal to the deterministic steady state
in the deflationary equilibrium. In any equilibrium, in which the probability of a binding
ELB is zero, Er = 7*. That is, expected inflation is equal to the deterministic steady state
in the targeted equilibrium. In both cases, actual inflation fluctuates symmetrically around
the respective deterministic steady state. We are, however, interested in equilibria where the
ELB occasionally binds. For the remainder, we thus focus on equilibria where 0 < p; < 1.
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According to the above functional relationship between Em;,y and Em;, there can be up to
two such equilibria. Rearranging terms, in these equilibria

1

(6r — 1) (B — %) = —— ko (6 _ 1+r0¢n 1+ ko

e (r* +a%) —

2
- (Emper w*>) (G19)
Hence, given ¢, > 1, any equilibrium where the ELB occasionally binds features below-
target inflation expectations, Er < 7*.4
We can now proceed with the second step and show that in any equilibrium where the
ELB occasionally binds, the risky steady state of inflation is below the inflation target, and,
therefore, below the inflation at the deterministic steady state in the targeted equilibrium.
At the risky steady state, the policy rate is given by

, 1 — ¢x o1+ ko)
= max |0,7* + * 4+ E G20
1RSS * { " 1+ /wgbﬂﬂ 14+ koo, m ( )
Substituting (G20) into (G17), evaluated at the risky steady state, one obtains
(1+ ko) Em + kor*, if Er < — ;Efj‘:;) r*— —%I(Ifza) *
TRSS = Ltko oo + HU(¢W—1)7T* fEr > — 1+KoPr r* — 1-¢r * (G21)
1+Kkopx 1+koor ? ¢ (1+K0) ¢r(1+K0)
Suppose, Er < — ;Efiﬁ;)r* — %1(;1’;0) 7, i.e. the ELB binds in the risky steady state.

Then

Trss = (1 + ko) Em + kor”
1 1—0¢n

- —7r* = T,

Pr Or

and, hence, ¢, (Trss — ) < —(r* +7*) < 0. That is, inflation at the risky steady state is

below the target.

Next, suppose Er > — d)l:(fj:ig) r* — %1(If20) 7, i.e. the ELB is slack in the risky steady

state. Rearranging terms, we have

1+ ko
Trss — 7 = ——— (En — 7"
fss 1+ koo, ( )
From En < 7* follows mrss < 7. Hence, even when the ELB does not bind at the risky
steady state, inflation at the steady state will be below its target.
Finally, we want to understand how a marginal increase in € affects expected and risky-
steady-state inflation. To do so it is useful to first derive a closed-form solution for p in case

0 < p < 1. Using equation (G19) to substitute out Er — 7* in the expression for p, we have

4The closed-form solutions for expected inflation and inflation are rather complicated and not of partic-
ular interest for what follows.
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= 2% <€ 1 :;ZT% (r'+7) + (1+ /W)Eqﬁfi 1M2) , given0<pu<1 (G22)
Hence,
L S B S N
" Wna)a, \/<1 + 10) ((1 T ro)on T wogy T 1> (G23)

From Ou/OEm < 0 then follows that 1 > po.
Applying the implicit function theorem to (G19), we have

OFn Ay — 1)(Emr — %) + 2600, <6 — LE90x (px g ) LERe (B 7T*)>

_ KOO KO (G24)
Oe 4e(dr — 1) — 2(1 + ko) by (e — Lingbe (o g ) Lo (B w*))
. —1
_ KOgrp(p— 1) (G25)
¢7r —1- (]- + KU)%M
The numerator is negative given that we focus on equilibria where p# < 1. Hence, ag—é” >0
if and only if u > (117;;)1%. From (G23) and p; > g it then follows that % > 0 and
obm
It then follows from (G21) that % > 0. In words, an increase in uncertainty raises
the inflation at the risky steady state in the deflationary equilibrium.
H Model with an AR(1) Shock
In this section, we consider the model with an AR(1) shock process:
0y = poi—1 + €& (H1)

A recursive equilibrium for this stylized, semi-loglinear model is given by a set of policy func-
tions {y(-), m(-),i(-)} that satisfies the Euler equation, the Phillips curve, and the truncated
Taylor rule, as described in Section 2.

In solving the model, we approximate the AR(1) process of the exogenous shock using
Markov chains via the Rouwenhorst approximation method. With this approximation, the

model can be solved with linear algebra.

92



H.1 Solution Method for Policy Functions

Recall that the problem is to find a set of {y(:),n(:),i(-)} that satisfies the equilibrium

conditions:

Yr = Eilyer1] — o [ig — Ey[ma] — 7" + & (H2)
T = KYy + BE 7] (H3)
iy = max [igrp, " + ¢r(m)] (H4)

Consider an n-state discretization of an AR(1) shock approximated via the Rouwenhorst

method. The Rouwenhorst approximation method will yield an n x 1 vector of grid points

[01,...,0,] and an n X n matrix, T, of transition probabilities:
P11 P12 -+ Pl t
D21 P22 ... Do 12
T=|"" N (H5)
Pni1 Pn2 --- Pnn tn

where t; is the i** row of T.
Given this n-state discretization, we are left with a series of n equations and n unknowns

to solve for:

Y1 = Ei[yep1] — o liv — " — Eqfmya] + 61

Yn = En[yt+1] — 0 [Zn - T’* - En[ﬂ—t—l—l] + 671]
m = kY1 + BE1[me4]

T = KYn + 5En[7rt+l]

il = max [iELBar* + ¢7|-7T1]

in = Imax [iELB7 r + (bﬂﬂ-n]
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Here, ;[-] is the conditional expectation of our policy function, given state i. It is formally
defined as the t; - z, where z = [z, -, 2,]7, for a given policy function.

Notice that, absent the ELB constraint, we are left with a linear-system of equations and
can be solved for using basic matrix algebra. Let A be a matrix of coefficients, x be a vector

of variables, b be a vector of coeflicients, where

Y1 o(r* —d1)
Yn U(T* - 671)
A Aig A T 0
A= Agy Agp Asz| x= | b= :
Asy Az Asg T 0
il r*
._Z.n_ - /’n* -

and

A =1, -T Ajg=—-0-T Ajg=0-1,
Asi=—r-1, App=PB(L,—T) Ay3=0-1I,
A1 =01, Asp=—-¢,-1, Asz=1,

Here, I, is the identity matrix of dimension n.

There are two algorithms to consider: one for the targeted equilibrium and the other for
the deflationary equilibrium.

The algorithm to solve for the policy functions in the targeted equilibrium is as follows.
Start by assuming that the ELB does not bind in any period and solve the linear system of
equations. If 7,, < 0 then assume that 7,, = 0 and resolve the system of equations. If,,_; <0
then assume that i,,_; = 0 and resolve the system of equations. Continue this process until
forall j € (1,...,n),i; > 0.

The algorithm to solve for the policy functions in the deflationary equilibrium is as follows.
Start by assuming that the ELB binds in all periods and solve the linear system of equations.
If the implied policy rate, z'ilmp = r* + ¢,m is higher than ig;p, assume that i; # igprp and
resolve the system of equations. If is > 151 p, then assume that zémp > 1pp and resolve the

system of equations. Continue this process until for all j € (1,...,n), z';mp > 0.

o4



H.2 Solution Method for the Risk-adjusted Fisher Relation

In this section, we present the details on how to solve for the risk-adjusted Fisher relation
given a continuous AR(1) shock approximated using Markov chains via the Rouwenhorst
method.

Again, consider an n-state discretization—where n is odd—of an AR(1) shock approxi-
mated via the Rouwenhorst method. There will be an n x 1 vector of grid points [07, ..., "]
and an n X n matrix, T, of transition probabilities, where T" is defined in the same way above.

To solve for the risk-adjusted Fisher relation, given the candidate mrss, we need to
compute the risk-adjustment term based on hypothetical policy functions. These hypothetical
policy functions must satisfy the following conditions: (i) 7™ (§ = 0) = mgsg, (ii) the
truncated Taylor rule, (iii) the Phillips curve, and (iv) the relative Euler equations. Unlike
the three-state shock case, we will not present a full algebraic derivation, as the goal is to
develop a general solution method for an n-state discretized shock. The goal is to re-frame
the problem in terms of a system of equations, thus allowing us to take advantage of basic
linear algebra techniques to solve for the hypothetical policy functions and the risk-adjusted
Fisher relation.

Let x5, be the value a given policy function takes in the “middle state,” where M is the
(n+1)/2% position of our grid. Notice that by construction, the middle state is identical to
the risky steady state, because the (n+1)/2" position of our vector of grid points is 0. Given

this, observe that by rewriting the system in the following way we satisfy our conditions:

1 — Ynv = Er[yer] — Enlye] — o [in —ine — Ex[mepa] — Englma] + 64

Yi —yu = Ejlyra] — Emlysra] — o [iy —ing — Ey[mea] — Ene[mea] + 94

Yn — Ynr = Enfyer1] — Enryera] — o [in — ine — En[mea] — Enrlmega] + 04
7 = Ky + BBy [mi1]

Tp = RYn + 5En[7rt+1]

il = max [iELBa 7"* + ¢7|-7T1]

in = Imax [iELBa r + ¢7r7rn]
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for j # M. E;[-] is defined as above. Absent the ELB constraint, we are left with a linear
system of equations that can be solved using matrix algebra. Let A be a matrix of coefficients,

x be a vector of variables, b be a vector of coefficients, where

Y1 — Ym —00;
Yj — Ym —00;
M M M
Ag,l) - Ayzm1 Ag,Z) - AyM72 Ag,S) - AyM,3 Yn —00p,
A= Az Az Ags T = T b= 0
Asy Az As g :
T, 0
7:1 r*
in r*

for j £ M. Aﬂ”, A%I), and A%) are matrices of dimension n — 1 x n. We use the notation
Agf}/[) to represent the matrix A; ; where M*" row has been removed. Similarly, A,,, 1, Ay, 2,

and A,,, 3 are matrices of dimension n — 1 x n that take on the form:

xN—1 ,
Ay%1 - [Al,l,Ma """ y AI,I,M]
xXN—1 ,
Ay = [Arom, o . A2 ]
xN—1 ,
AyM,B = [Al,B,Ma """ >Al,3,M]

We use the notation A; ;s to denote the M row of A;;. Here, the M row of A;; has

been repeated n — 1 times.
A1,17 ALQ, A1,37 A271, AQ’Q, A273, A3,17 A372, and A3’3 are defined as before.
H.2.1 Algorithm for the risk-adjusted Fisher relation

The algorithm to solve for the risk-adjusted Fisher relation is as follows. For the candidate
Treg = ™™ (§ = (), start by assuming that the ELB does not bind in any period and solve

the linear system of equations. If ¢, < 0 then assume that i,, = 0 and resolve the system
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of equations. If 7,,_; < 0 then assume that ¢,y = 0 and resolve the system of equations.

Continue this process until for all j € (1,...,n), i; > 0.

Upon the completion of this algorithm, given the candidate m,, the hypothetical policy

functions that have been solved for satisfy the following conditions needed to calculate the

risk-adjustment term: (i) 7™ (§ = 0) = my, (ii) the truncated Taylor rule, (iii) the Phillips

curve, and (iv) the relative Euler equations. From here, it is straightforward to compute the

risk-adjustment term and the risk-adjusted Fisher relation.

H.3 Numerical Results

Table 1 lists the parameter values used for the numerical analysis.

Table 1: Parameter Values for the Stylized Model

Parameter Description Parameter Value
I5) Discount rate m

o Inverse intertemporal elasticity of substitution 1

K Slope of Phillips curve 0.02

4007* Annualized natural rate of interest 1%

O Coefficient on inflation in the Taylor rule 4

IELB Effective lower bound 0

p AR(1) coefficient for the demand shock 0.80

Oc standard deviation of demand shocks [0, o]

Figure 8 presents the policy functions for output, inflation, and the policy rate.

In the

figure, the top and bottom rows are policy functions for the targeted and deflationary equi-

libria, respectively. Consistent with the model with a three-state shock, uncertainty increases

(decreases) the rate of inflation at the risky steady state in the deflationary (targeted) equi-

librium. Figure 9 presents the risk-adjusted Fisher relation associated with this model.

57



Figure 8: Policy Functions for the Model with an AR(1) Shock
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Note: The figure plots the policy functions as functions of the shock state . The top row corresponds to the
deflationary equilibrium (DE) and the bottom row corresponds to the targeted equilibrium (TE). From left
to right, panels report output, inflation, and the policy rate. The red dotted line, blue dashed line, and black
solid line correspond to 0. = o, 0. = o1, and o, = o™, respectively, where o% = 0.0015, cf = 0.002,

€ €
and o'** = 0.0022. Parameter values are listed in Table 1.
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Figure 9: Risk-adjusted Fisher Relation for the Model with an AR(1) Shock
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Note: The solid black line shows the standard Fisher relation, and the solid red line shows the truncated
Taylor rule. The dashed black line shows the risk-adjusted Fisher relation for ¢ = 0.0017. Deterministic
steady states are given by the intersections of the standard Fisher relation and the truncated Taylor rule.
The red dot (diamond) indicates the deterministic steady state of the deflationary (targeted) equilibrium,
and the black dot (diamond) indicates the risky steady state of the deflationary (targeted) equilibrium.
Inflation and nominal interest rates are expressed at annual rates. Parameter values are listed in Table 1.
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